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Abstract. Motivated by solid-solid phase transitions in clastic thin films, wc perform a r-convergence analysis 
for a singularly perturbed energy describing second order phase transitions in a domain of vanishing thickness. 



asymptotic ratio between the characteristic length scale of the phase transition and the thickness of the film. 
In each case, the interfacial energy is determined by an explicit optimal profile problem. This asymptotic 
problem entails a nontrivial dependance on the thickness direction when the phase transition is created at the 
same rate as the thin film, while it shows a separation of scales if the thin film is created at a faster rate than 
P\J ■ the phase transition. The last regime, when the phase transition is created at a faster rate than the thin film, 

' is more involved. Depending on growth conditions of the potential and the compatibility of the two phases, 

we either obtain a sharp interface model with scale separation, or a trivial situation driven by rigidity effects. 
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1. Introduction 



In the last few years, many mathematical efforts have been devoted to variational problems arising 
1 in the modelling of phase transitions in solids, see e.g. [6116117115] . These problems often involve 

■ singularly perturbed functionals of the form 

E e (u,#) = / -W(Vu) + e|V 2 u| 2 dx, (1.1) 

J® e 

where u : J C I 3 I 3 represents the displacement of an elastic body SB, e > is a small parameter, 
and W is a (nonnegative) free energy density with multiple minima corresponding to martensitic 
materials. Due to the multiple well structure, nucleation of phases in a given configuration may 
occur without increasing J W(Vu), so that the free energy may admit many (eventually constrained) 
minimizers. In order to select preferred configurations, the Van der Waals-Cahn-Hilliard theory adds 
higher order terms leading to functionals of the form (jl.l|) . In such functionals a competition occurs 
between the two terms: the free energy favors gradients close to a minimum value of W, while |V 2 u| 2 
penalizes transitions from one minima to another. 

The F-convergence method provides a suitable framework to study the asymptotic behavior of 
singularly perturbed energies like E e (see e.g. |12ll9j for a more detailed overview of this subject). 
One of the first applications of r-convergence was actually obtained in [30131135] in the context of 
fluid-fluid phase transitions (see e.g. [H]). Here the authors deal with energy functionals of the form 
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J W(v) + e|Vw| 2 dx where the potential W has a double well structure, i.e., {W = 0} = {a, (3}. It 
is shown that such family of energies T-converges (in a suitable topology) as e — > to a functional 
which calculates the area of the interface between the two phases a and /?, for limiting _Bl/-functions 
v with values in {a, /?}. Since then this result has been generalized in many different ways (see 
e.g. |1I5I7I10I24I32] ), in particular in [33] for an intermediate situation where the singular perturbation 
|Vv| 2 is replaced by the higher order term |V 2 i>| 2 . The first T-convergence result for functionals acting 
on gradient vector fields has been obtained in [16]. Assuming that {W ~ 0} = {A, B} for some rank- 
one connected matrices A and B (and some additional constitutive conditions on W), the authors 
prove the T-convergence of E e as e — > 0. Once again the effective functional returns the total area of 
the interfaces separating the phases A and B, for limiting functions u satisfying Vu £ {A, B} a.e. 
and Vu £ BV. Here the rank-one connection between the wells A and B turns out to be necessary 
for the existence of non-affine u's satisfying Vu £ {A, B}, and the interfaces must be planar and 
oriented according to the connection, see [5] . We also mention recent developments on weakening the 
condition on the wells of W to allow for frame indifference, i.e., assuming the zero level set of W of 
the form SO(3)A U SO(3)B (see p7TT8] V 

Another topic of increasing interest related to solid mechanics concerns thin elastic films. It is 
well known that thin films may have different mechanical properties from bulk materials, specifically 
for martensitic ones. Those properties are important for many physical applications (see [9]). In 
this context, the T-convergence point of view is again suitable to rigorously derive limiting models 
starting from 3D nonlinear elasticity. This has been shown in |28ll3j for the membrane theory, and 
more recently in |21|22] for nonlinear plate models. In the regime of membranes, several studies 
have focused their attention on the impact of a higher order perturbation on the behavior of thin 
films. The first variational approach has been addressed in [9] where the authors add the singular 
perturbation e 2 J |V 2 u| 2 to the free energy J W(Vu) for a domain of small thickness h. They obtain 
in the limit h — > a 2D energy density which depends on the deformation gradient of the mid-surface, 
and the Cosserat vector b which gives an asymptotic description of the out-of-plane deformation. An 
important consequence of the results of [9] is that for many interesting materials the low energy states 
in the thin film limit arc indeed different from the ones in three dimensional samples. However [9] 
does not treat possible correlations between the thickness h and the parameter e. This issue was first 
conducted in [34], and more intensively in |20] to keep track of the Cosserat vector. It is shown in 
[2"tl] that the limiting model is determined by the asymptotic ratio h/e as h — > and e — > 0, and it 
depends whether h/e ~ 0, h/e ~ oo, or h/e ~ 1. 

The general idea of this paper is to study a simple class of singularly perturbed functionals 
describing phase transitions in thin films. In this direction, some models have been recently analyzed, 
see [SJ, and also [15 26i for models without singular perturbation leading to sharp interfaces. Here 
we want to carry out an analysis in the spirit of [TB] focusing on possible correlations between the 
strength of an interfacial energy and the thickness of the film. As in |9I20I34) we consider a "membrane 
scaling", and we introduce the normalized functional defined for u £ i7 2 (i7/j;R 3 ) by 

F£(u) := i / W (Vu) + e 2 |V 2 u| 2 dx , 

where flh :— lj x hi C IR 3 , / := (—5, 5), and the mid-surface to C R 2 is a bounded convex open 
set (here convexity is assumed for simplicity, and we refer to |16] for more general geometries). 
Considering configurations u with energy of order e, that is F^(u) ^ O(e), and renormalizing by 1/e 
we are led to the energy t-E £ in the thin domain We are interested in the variational convergence 
of the family {4E E (-, Clh)} as h and e — >• 0. To this aim, we introduce the standard rescaling 

u{x) =u(x) with (xi, X 2 ,Xz) = (xi,x 2 ,-r^) , 
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which yields functionals {F^} defined for u G -ff 2 (£l;M 3 ) by 

F> l {u) := f - W(V h u) + e\V 2 h u\ 2 dx , 
Jn e 

where := ill, and := [81,82, r^) is the rescaled gradient operator. 

Our main goal is to perform the T-convergence as e — > and h — > of the family {-F E } in 
the simplest context where we can illustrate a difference between the behavior of thin films and 
bulk materials. The class of models we have in mind involves double-well potentials W of the type 
considered in |16| . In other words, W should be structurally similar to 

W(0 « dist(e, {A, B}) p = min {|e - A\*, \£ - B\?}. (1.2) 

A situation where a qualitatively different behavior from |16j is expected is when A and B are not 
rank-one connected, but A' and B' are. Here we denote by A' and B' the 3x2 matrices extracted 
by taking the first two columns from A and B, respectively. In this case, sequences with bounded 
E e energy, as in |16j . converge to affine maps by the results in [6]. But, as it will be made precise 
below, this rigidity effect might not occur for sequences with bounded F^ energy since A 1 and B' are 
compatible on the mid-surface. Accordingly, we assume that W : R 3x3 — s- [0, 00) is continuous and 
satisfies the following first set of assumptions: 

(H-l) {W = 0} = {A, B} where A = (A',A 3 ) G R 3x2 x R 3 and B = (B',B 3 ) G M 3x2 x M 3 are 
distinct matrices satisfying A' — B' = 2a <g> v for some a G R 3 and v G S 1 ; 

(H 2 ) ^ \£\ p - Ci < W(0 s$ Ci + Ci, for p > 2 and some constant d > . 

Under the conditions (Hi) and (H 2 ), we shall derive compactness properties for sequences with 
uniformly bounded energy. In our setting the limiting configurations space turns out to be 

■a?:= {(u,6) G W^i^M 3 ) x L°°(f7;]R 3 ) : (V'u, 6) G W(n ; {A, B}) , 9 3 u = <9 3 6 = 0} , (1.3) 

where we write V' := (81,82). Throughout the paper we identify pairs (u,b) G c & with functions 
defined on the mid-surface us, that is u(x) = u(x'), b(x) = b(x') with x' := (x\,x-2)- In particular, for 
any (u, b) G we can write 

(Vu,b)(x')= (1-xe(x'))A + X e(x')B for £ 2 -a.c. a;' G u , (1.4) 

where J? C w is a set of finite perimeter in us, and x^; denotes its characteristic function. For A' =/= B' 
the (reduced) boundary of E consists of countably many planar interfaces with normal v, while E is 
an arbitrary set of finite perimeter in us if A' = B' (see Theorem 12.11 and [6]). Let us recall that, in 
our setting, A and B might not be rank-one connected, so that we shall have to construct recovery 
sequences substantially different from [16]. We also emphasize that for A! = B' , the arbitrary geometry 
of the interface is again in sharp contrast with [16] . where interfaces must be made by hypcrplanes. 

The general compactness result is formulated in Theorem 11.11 below. As a matter of fact this 
theorem does not provide optimal compactness (only) in the case e h. Indeed, in this regime we 
may expect a separation of scales to hold and the film to behave like a three dimensional sample. 
Thus, if the wells are not compatible in the bulk, i.e., rank(^4 — B) > 1, it is reasonable to believe 
that sequences with bounded energy should converge to trivial limits. This question will be addressed 
in the last section with positive results for some particular cases (see Theorems l6.9l and l6.10p . 

Theorem 1.1 (Compactness). Assume that (Hi) — (H 2 ) hold. Let h n — > + and e n — > + be 

arbitrary sequences, and let {u n } C H 2 (il;M. 3 ) be such that sup n F^(u n ) < 00. Then there ex- 
ist a subsequence (not relabeled) and (u,b) G 1> such that u n — f^Undx u in W 1,p (f2;]R 3 ) and 
j^8 3 u n -> bin LP(n;R 3 ). 
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To describe our T-convergence results we need some additional assumptions on the potential W 
(these assumptions will be used only in the construction of recovery sequences). First of all we assume, 
without loss of generality, that A = — B and v = e'i := (1, 0), so that 

A' = -B' = a <g> ei , A 2 = B 2 = , and A 3 = -B 3 . (1.5) 

Indeed, the general case can be reduced to (|1.5[) by considering a modified bulk energy density W m od 
defined by W mod (f) : = ^(6? + C ) where c = 1 / 2 ( A + B ) and R = diag(i?', 1) with R' G 50(2) 
satisfying R'v = e^. This new potential W mo( i obviously satisfies hypotheses (Hi) and (Hi) with (|1.5[) . 
Our second set of assumptions requires W to share some structural properties of the prototypical 
function defined in (|1.2[) . More precisely, given (|1.5p . we assume that 

(1^3) there exist constants g > and C2 > such that 

dist(£, {A, B}) p < W(0 < C 2 dist(£, {A, 5}) p if dist(e, {A, S}) ^ f? ; 

(H 4 ) %0,{j)a({) for all £= (6,6,6) GR 3x3 ; 

(F 5 ) if A' = B' = 0, then = V(l£'l>6) for some V : [0, +00) xl 3 -) [0,oo). 

Here | • | stands for the usual Euclidean norm, £' := (6, 6) G * 3x2 and |£'| 2 = |6| 2 + |6| 2 - Observe 
that in the case A' = B' (so that (|1.5I) yields A' = B' = 0), assumptions (#4) and (-H5) require 
the function r n- V(r, z) to be nondecreasing for every z € K 3 . Taking (|1.5[) into account, we 
also notice that these assumptions are clearly satisfied for W(£) = dist(£, {^4, -B}) P with V(r, z) := 
(r 2 + dist 2 (z, {A3, i?3})) P// . Let us finally mention that similar assumptions are already present 
in [TB]. Condition (H 3 ) is a standard non-degeneracy condition on W near the wells, while (H 4 ) allows 
one to construct lower dimensional optimal profiles connecting the two phases A and B. Hypothesis 
(H§) is a more technical isotropy condition, that we assume for simplicity. 

Let us now consider the family of functionals : [L 1 (17;K 3 )] 2 — > [0, 00] defined by 

h _ \f*(u) if u e H 2 (n-m?) and b = fan, 

J~e (U, 0) .— < 

I +00 otherwise . 

We will prove that the behavior of J 7 ^ depends, as expected, on the asymptotic ratio 7^76 [0, 00] 
as h and e tend to 0, and that the family {J 7 ^} T-converges to a functional J^ 7 : [L 1 ^; M 3 )] 2 — > [0, 00] 
given by 

(K^PevUE) i{(u,b)€V, 
J* 7 (u, 0) := < (1.6) 
I +00 otherwise , 

where (Vu,b)(x) = (1 - xb(^')M + Xe(x')B as in ([Li]) , and Pcr^E 1 ) := H 1 (d*E(lu}) denotes the 
(measure theoretic) perimeter of E in w. Here the constant K 7 > is determined by an optimal 
profile problem for connecting phase A to phase B. By assumption (H4), we will be able to describe 
A' 7 through a lower dimensional variational problem. To simplify the notation, we introduce the 2D 
energy density W : K 3x2 —> [0, 00) given by 

W(Ci,C 2 ) :=W(Ci,0,0»), 

which is a double- well potential with zero level set {(Ai, A3), (Bi, B3)}. 

Our first convergence result deals with the critical regime where the thickness of the film and the 
strength of the interfacial energy are of the same order, that is 7 6 (0, 00). 

Theorem 1.2 (Critical Regime). Assume that (Hi) — (H5) hold with (| 1 . 5|) . Let h n — > + and 

e„ — > + be arbitrary sequences such that h n /e n — > 7 for some 7 <E (0, 00). Then the functionals 



A two-gradient approach for phase transitions in thin films 5 



{.Fg } r '-converge for the strong L 1 -topology to the functional J^" 7 given by (|1.6p with 

A" 7 := inf { - / VV(Vu) + |V 2 w| 2 : I > , v G C 2 (« x 7/; M 3 ) , 

\7v(y) = (Ax, As) nearby { Vl = 1/2} and \7v(y) = (B U B 3 ) nearby { Vl = -£/2}\ . (1.7) 

We observe that the formula for K 1 (with 7 G (0, 00)) entails a highly nontrivial dependence 
on the vertical direction in the asymptotic problem. In fact, in the case ^3 = B3, one can find 
potentials W for which a nontrivial dependance on X3 still occurs, see [TU Section 8]. Note that in 
many second order phase transitions problems, optimal profiles usually have an oscillatory behavior 
along the limiting interface, see |16l27j and references therein (see also Theorem II .41 below) . 

In contrast with the critical regime, one may expect the case 7 = (i.e., h -C e) to lead to a 
simpler behavior with respect to the a^-variable by separation of scales. Indeed, the energies formally 
behave like two dimensional ones, and optimal transition layers should only depend on the distance 
to the interface by assumptions (H4) — (H5). We will illustrate this fact with more details in Section[S] 
(see Remark 15. 9p . Our results for this regime give a positive answer to our formal discussion, and 
they can be summarized in the following theorem. 

Theorem 1.3 (Subcritical Regime). Assume that (Hi) — (H$) hold with (|1.5|) . Let h n — > + and 

£n — > + be arbitrary sequences such that h n /e n — > 0. Then the functionals {J 7 ^} T -converge for the 
strong L 1 -topology to the functional J^o given by (|1.6p with 

K :=iid^J W((f>(t))+\ ( p[(t)\ 2 +2\ct>' 2 (t)\ 2 dt : £>0, 

4> = (<h,<h) 6 C 1 ([-l,i];R 3xa ) , m = (A.\, Ag) and <j>(-l) = (Bx,B 3 )\ . (1.8) 

In the supercritical case 7 = +00 (i.e., e <C h), one may again expect a separation of scales to 
hold. In other words, we should be able to recover the limiting functional by taking first the limit 
e — > 0, and then the thin film limit h — > 0. Hence, to obtain a nontrivial r-limit, it is natural to ask 
for A and B to be compatible in the bulk with a non vertical connection (see (|1.9[) below). As already 
mentioned, we have exhibited rigidity effects in the other cases, at least for some particular potentials 
(see Theorems 16.91 and 16 . 1 0[) . For this reason we assume in the supercritical regime that A — B is a 
rank-one matrix, and that A' =/= B' . Under the structure (|1.5p . this assumption is equivalent to the 
existence of A G R such that A3 = —B3 = Xa. Then the wells A and B can be written as 

A = -B = a ® (ex + Ae 3 ) (a ^ 0) . (1.9) 

We have obtained partial results for this regime through lower and upper bounds for the T-lim inf 
and T-limsup, respectively. Fortunately, our estimates turn out to be nearly optimal in the sense that 
upper and lower bounds agree whenever A = 0, p = 2, and W is symmetric with respect to £3 (which 
is the case for the potential (|1.2p assuming (|1.9p ). In this latter case, it follows that the separation of 
scales is indeed true by p~6l Theorem 1.4] (see Remark l6.8p . 

Theorem 1.4 (Supercritical Regime). Assume that (Hi) — (H4) and (|1.9p hold for some AeR. 
Let h n — > + and £ n — > + be arbitrary sequences such that h n /£ n — > 00. Then, 

c-^oo^ TU 1 ) - liminf and T(L 1 ) - limsup J 7 ' 1 " , 



6 B, Galvao-Sousa & V. Millot 



for a constant c > 0, where the functional J^oc is given by (|1.6p with 

Koo :=(l + A 2 )Mnf( f I VV(Vv) + \\^v\ 2 dy : £ > , v G C 2 (R 2 ; R 3 ) , 

Vu(y) = (Ai,A 3 ) near&y {y • v x = 1/2), Vv{y) = {B U B 3 ) nearby {y ■ u x = -i/2}, 

and v is 1-periodic in the direction orthogonal to , 

where V\ := -^==^(1, A) G S 1 , andQ' x denotes the unit cube of IS? centered at the origin with two faces 
orthogonal to v\. Moreover, if p = 2 in (Hi), A = in p.9[) . and W satisfies W(£',{; 3 ) = W(£', — £3) 
for all £ G R 3x3 , then the functionals {J 7 !?™} T -converge for the strong L 1 -topology to J^oo- 

The paper is organized as follows. We start in Section 2 with a structure result for the class ^ of 
limiting maps, and the compactness theorem is proved in Section 3. The proofs of Theorems II. 21 [T73l 
and 1 1.41 arc given in Sections 4, 5, and 6 respectively. We complete Section 6 with the aforementioned 
rigidity results in the supercritical case. 



2. Preliminaries 

Throughout the paper, Q and Q 1 denote the standard open unit cubes centered at the origin of R 3 
and R 2 respectively, while / := (—5, 3)- For simplicity, the differential operators and dx d dx are 
written di and dfj respectively. The rescaled gradient Vh and rescaled Hessian V 2 operators are 
given by 



VhU = ( d\u, d%u, j^d 3 u ) and V 2 u = 



d'l 2 u d\ 2 u \d\ z u 

1 »2 „, 1 Q2 



For a Borel set JJcK 3 and an admissible map u we write 

F £ h (u,B) := f -W{V h u) + e\V 2 h u\ 2 dx, 

J B e 

In the sequel, it will be useful to consider the two reference maps, uq and bo, defined for x G R 3 by 

u {x) := u {xi) and b (x) := b {xi) , (2.1) 

where uq and bo are given by 

[a 3 ift^O, 

u Q (t) := \t\a and b (t) := { (2.2) 

\B 3 if£<0. 

We shall follow [3] for the standard results and notations on functions of bounded variation. We 
only recall that, given an open set & C R^, a Borel set E C is said to be of finite perimeter in 
& if its characteristic function xe belongs to BV{&). In such a case, the perimeter of E in & , that 
we write Per&(E), is the total variation \Dxe\(&), and it is equal to H N ~ 1 (d*E n 6) where d* E 
denotes the reduced boundary of E, and 'H Ar_1 is the (N — l)-dimcnsional Hausdorff measure. 

We now state a structure result for the class ^ of limiting configurations (see (|1.3[l ). To this 
purpose, let us define 

CKmin := hxf \x\ G R : x = [x\, x 2 ) G a;} and a max := sup {x\ G M. : x = (£1,0:2) G w\ . (2.3) 
We have the following theorem as a consequence of |6ll6j . 

Theorem 2.1. Assume that (|1.5[) holds. Then for every pair (u, b) G , (Vit, b) is of the form 

(Vu(x),b(x)) = (1 - X e(x'))A + X e(x')B , 
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where E C to is a set of finite perimeter in u>. Moreover, if A' ^ B' then u is of the form 

u(x) = c + Xia — 2ip(xi)a , (2-4) 

where c G R 3 , c • a = 0, ip G W rl ' 00 ((a m i n , a max ); M) and V' G BM oc ((a m m, a max ); {0, 1}). In 
particular, if A' =/= B' then E is layered perpendicularly to e' 1; i.e., 

d*EC\uj= (JK> x Ji, (2.5) 

where J? G Z is made by successive integers, {cm} C (a m i n , a max ) is locally finite in (a m i n , a ma x)> 
cti < cti + i, and the sets Ji := {t G R : (a,, i) G are open bounded intervals. 

Proof. Step 1. We start with the case where A' ^ B' . Given (u, b) G we can write 

(Vu,b) = (l- XF )A + X FB, (2.6) 

for some set F C fl of finite perimeter in i7. Since d^u = 0, we have V« G BV(fl; {(A',0), (B',0)}). 
Then we observe that (|1.5[) yields (A', 0) — (£?', 0) = a <g) ei. Thanks to the convexity of we can 
apply [16l Theorem 3.3] to deduce that u is of the form (|2.4j) . From (|2.4|) . (|2.6|1 . and the convexity 
of uj, it readily follows that xf = XExi £ 3 -a.e. in Q for some set E C cj of finite perimeter in cj 
satisfying (|2.5|) . 

Step 2. We now consider the case A' = B' . Given (u, b) G ^ ', we have 6 G BV(il; {A3, -B3}), so that 
6 = (1 — xf)Az + XFB3 for some set F C 11 of finite perimeter in f2. By standard slicing results (see[H 
Section 3.11]), b x ' := b{x' , ■) belongs to BV{I;M?) for £ 2 -a.e. x' G cj, and H\uj ® Db x ' = d 3 b. Since 
83b = 0, we deduce that Db x = for £ 2 -a.e. x' G w. On the other hand, we can find a representative 
6* of 6 such that (b*) x := b*(x' , ■) is a good representative of 6 2 ' for £ 2 -a.e. x' G w. Since Db x = 0, 
we conclude that (b*) x is constant for £ 2 -a.e. x' G w, that is o*(x) = 6*(a;'). Then it follows that 
Xf = XExi £ 3 -a.c. in f2 for some set £cwof finite perimeter in ui. □ 



3. Compactness 

This section is devoted to the proof of Theorem ll.ll and we assume that (-ffi) and (#2) hold. We 
consider arbitrary sequences h n — > + , e n — > + as n — > 00, and {u n }neN C ff 2 (f2;R 3 ) such that 
sup„ i 7 ^" (w„) < 00. Throughout this section we write b n '■= j-d3U n . 

Proof of Theorem 11.11 Step 1. We claim that there exist a subsequence {e n } (not relabeled), a 
pair (u,b) G W 1 ' 00 ^;!®?) x L°°(ft;R 3 ) satisfying d 3 u = 0, and (9 G L°°(n; [0, 1]) such that 

u n - -I u n weakly in W l ' p {Sl] R 3 ) , 6„ b weakly in L p (f2; R 3 ) as ?w 00 , (3.1) 
Jn 

and 

(V'u,fe)(z) = (1 - 9{x))A + 6{x)B for £ 3 -a.e. (3.2) 
Indeed, we first deduce from the growth assumption (H2) that 

jf (|VV| P + K\ p ) dx^C^J^ W(Vu n ,b n )dx + lj < C(e„F^"K) + l) < C. 

Therefore {6„} is uniformly bounded in L p (f2;R 3 ), and {u n — j^u n } is uniformly bounded in 
W^p^R 3 ), thanks to the Poincare-Wirtinger Inequality. Hence we may extract a subsequence such 
that fl3T]) holds for some pair (it, b) G W^p^R 3 ) x LP(fl;M. 3 ). Since ||<9 3 «n||z,t>(fi) ^ C 71 ™* we deduce 
that &3U = 0. 

Next we observe that the sequence {(V'u„,6„)} also generates a Young measure {^Jigfi. From 
the fundamental theorem on Young measures (see e.g. [331 Theorem 6.11]), we derive 

/ / W(Z)dv x (£)dx^ lim / W(Vu n ,b n )dx = 0, 
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so that suppz^r C {A, B} for £ 3 -a.c. x G ft. Hence there exists 9 G L 1 ^; [0, 1]) such that 
v x = (l - 6»(a-))(54 =J 4 + 6>(x)cJ ?=B for £ 3 -a.c. 

Multiplying this last equality by £ and integrating with respect to £ yields (|3.2[) . which completes the 
proof of the claim. 

Siep We claim that (it, 6) G We shall distinguish two distinct cases. 
Case a). We first assume that A' ^ B' . For M > and f e R 3x2 , we define 

<p(?) := inf | J min (^Wo(. 9 (s)) , A/) \g'(s)\ ds : «? G ^"([O, 1]; R 3x2 ) , 

g(0) = A' mdg(l) = A, 



where Wo(£') := min{W / (£', z) : z G R 3 } is a continuous function of One may easily check that ip 
is Lipchitz continuous, = if and only if £' = A', and that 

\Wip(C)\ ^ min{y/W (?),M} for £ 3x2 -a.c. £' G R 3x2 . (3.3) 

We claim that {<^(V'u„)} is uniformly bounded in M /1 ' 1 (f2;M). Indeed, estimate first 

f \V(<p(Vu n ))\dx^ f ^W (V'u n (x)) \V(Vu n )\dx ^ ^F^(u„) < C, 

and by (|3~5|) . 

|^(V'w n (x))| dxs^M \Vu n (x)\ dx + (p(0)C 3 (n). 



Hence, up to a further subsequence (not relabeled), 

ip(V'u n ) -> H in L 1 (fi) as n oo, (3.4) 

for some H G f?y(ft). On the other hand, the Young measure {fj. x } x en generated by {<p(V'w„)} is 
given by 

(J>x = (l - f(»))*t=v)(A') + ^(a;)<5t= y (B') ■ 
Then the strong convergence in (|3.4p yields ^ x = 5t=H(x)i so that 

<*t=ff(s) = (1 - 0(^)H=y(A') + 0(x)S t=v (B>) ■ 

As a consequence 8(x) G {0, 1} for £ 3 -a.e. x G ft, and 

#(a;) = (1 - + 9(x)tp(B') = 6(x)<p(B') for £ 3 -a.c. a; G ft . 

Since (p(B') ^ 0, it yields 6* G BV(il; {0, 1}), and we may now write 6 = \f for some set F C ft 
of finite perimeter in ft. In view of (|3.2[) , we obtain (Vit, 6) = (1 — X-f)^ + Xf-B £ 3 -a.e. in ft, and 
thus (V'ti, 6) belongs to W(ft; {A, B}). Since <9 3 it = 0, we have Vu G BV(Cl; {(A', 0), (B', 0)}) and 
it follows from [16j Theorem 3.3] that F — E x I for some set E C w of finite perimeter in w, which 
in turn implies that $36 = 0, and thus (11, b) G . 

Case b). Let us now assume that A' = B' and A3 ^ B3. For M > and z G R 3 , we define 

i>(z) := inf I J min^Wi (</(«)), A/) |«/(s)| ds : g G W^QO, 1];R 3 ) , g(0) = A 3 and <?(1) = zj , 

where Wi(z) := min{V^(£', z) : £' G R 3x2 } is a continuous function of z. As previously ^ is Lipschitz 
continuous, and ip(z) = if and only if z = A3. Arguing as in Case a), we obtain that {ip(b n )} is 
uniformly bounded in H /1,1 (ft;M), and 

7^ / \d 3 {i>{b n )) \dx^± [ \d 3 b n \ dx < J F £ ' l n " (it„) < C . 
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Therefore, up to a subsequence, 

4>(b n ) — > G in L 1 (Cl) as n — > co , (3.5) 
for some G £ BV(il) satisfying d 3 G — 0. Arguing again as in Case a), we deduce from (|3.5j) that 

$t=G(x) = (1 - 6 | (a;))^=v;(A3) + Q(x)t>t=ip(B 3 ) j 

which yields 9 £ BV(ft; {0, 1}). Since d 3 G = we can argue as in the proof of Theorem l2.1[ Step 2, to 
deduce that 8(x) = xe(x') for some set E C co of finite perimeter in w. In view of (|3.2[) . we conclude 
that (Vu, b) £ BV(tt; {A, B}) and d 3 b = 0, and thus (u, b) £ % ?. 

Step 3. In view of the previous steps, we know that (Vit„, b n ) — ^ (Vu, b) weakly in L P (Q), and that 
{(V'it„, 6„)} ra6 N generates the Young measure {v x } X £Q given by 

= (l - Xfi(^')) (5 ?=A + Xb(^')^=B = <*£=(V'u,6) ■ 

By standard results on Young measures (see e.g. [33J Proposition 6.12]), it follows that (V'u„, 6 n ) — > 
(Vu, b) strongly in L p (fl; R 3x3 ), and the proof Theorem 1 1.1 1 is complete. □ 

4. T-convergence in the critical regime 

This section is devoted to the proof of Thcorcm ll.2l The T-liminf and T-limsup inequalities are derived 
in Theorem 14.61 and Theorem 14.111 respectively, while Corollary 14.101 shows that the lower and upper 
inequalities actually coincide. In proving lower inequalities, we partially adopt the approach of [16] . 
once adapted to the dimension reduction setting. Throughout this section the parameter 7 £ (0, 00) 
is given. 

4.1. The T-liminf inequality 

We introduce the constant 

K* := inf< liminf F^"(u n ,Q) : h n -> + and e„ — > + with h n /e„ -> 7, 

{u n } c H 2 (Q;R 3 ), (u n , ^d 3 u n ) -> (uo,6o) in [^(QjM 3 )] 2 j , (4.1) 

where the functions uq and bo are given by (|2.1|) . The constant K* turns out to be finite, as one 
may check by considering an admissible sequence {u n } made of suitable regularizations of uq and 
60 (see also the proof of Theorem I4.11j) . In this subsection we shall prove that under assumptions 
(Hi) — (H 2 ) and (H 5 ), the lower T-limit evaluated at any (u, b) £ 'rf is bounded from below by K* 
times the length of the jump set of (Vu, b). We first prove this statement in the case of an elementary 
jump set. 

Proposition 4.1. Assume that (Hi), (H2) and (|1.5|) hold. Let h n —> + and e n —> + be arbitrary 
sequences such that h n /e n 7- Let p > and a £ R, let J C M be a bounded open interval, and 
consider the cylinder U := (a — p,a + p) x J x I. Let (u,b) £ W 1,00 (U; R 3 ) x L°°(U;R 3 ) satisfying 
d 3 u = 83b = 0, and 

(Vu,b)=X{xi< a } B + X{xi^ a } A or (^'u,b) = X{ xl ^ a }A + X{x 1>a }B. (4.2) 
Then for any sequence {u n } C H 2 (U;R 3 ) satisfying (u n , j^d 3 u n ) -> (u,b) in [L X (U; R 3 )} 2 , we have 

liminf F^(u n , U) > K*H X (J) . 

The proof of Proposition ^, ll rclies on scaling properties and the translation invariance of the energy 
functional F' E l . To determine the corresponding properties in the limit we introduce the following set 
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function. For an open bounded set Jcl and p > 0, we write J p := pi x J x /, and we define 



Noticing that K* = £ 7 (I, f ) we now state the following lemma. 
Lemma 4.2. Assume that (Hi), (H2) and (|1.5[) hold. Then 

(i) S 1 (t + J,p)= £ 7 (J, p) for all ten : 
(ii) if 3\ C J 2 and p\ ^ p 2 , then £ 7 ( Ji, pi) ^ £ 1 (J 2 ,p2) ; 
( Hi) if Ji n J 2 = 0, then £ 7 ( J\ U J 2 , p) ^ £ 7 (J\ , p) + £ 7 ( J2 , p) ; 
(«i>,) if a> 0, then £ 1 (aJ,ap) = a£ 1 (J,p) ; 

(v) if < a < 1, then £^(aJ,p) ^ a£ 7 (J, p) ; 

(vi) if J is an interval then £ 7 (J, p) = T-L l (J) £^(I , p) ; 

(vii) if J is an interval then £ 7 (J, p) = £ 1 ( J, 5) /or aZZ <5 > . 

Proof. We first observe that (%) follows from the translation invariance of the functional F^. Then 
(ii) is due to the fact that any admissible sequence for £ 7 (J2,P2) yields an admissible sequence for 
£ 7 (Ji,pi) whenever J\ C </ 2 and pi ^ p 2 - The proof of claim (Hi) follows a similar argument. 
Proof of (iv). Let h n + and e n —> + be such that h n /e n — > 7, and let be an admissible 

sequence for £ 7 (aJ, ap). We define for x S J p . u„(a;) := ^u n (ax' , X3), h n := h n /a and e„ := £„/q . By 
homogeneity of uo and 60, we infer that v n (x) — > ^Uo(cex' , X3) = u (x) and -^-d 3 v n — > 60 in L 1 (J p ;R 3 ) 
as n — > 00. In particular, {v n } with {(h n ,e n )} is admissible for £ 7 (J, p). Changing variables then 
yields F~ n (v n , J p ) = j^F^™ (u n , {oeJ) ap ). Letting n->cowe deduce that liminf„ F^™ (u n , (aJ) ap ) > 
a£y(J, p). In view of the arbitrariness of {(h n , £„)} and {«„}, we conclude that £ 1 (aJ, ap) ^ a£~ / ( J, p). 
The reverse inequality follows from the arbitrariness of a > 0. 

Proof of (v). If < a < 1 then (aJ) ap C (aJ) p , and we derive from ^ and (iv) that £ 1 (aJ,p) 
£ 7 (aJ,ap) = a£ 7 (J,p). 

Proof of (vi). Write J = ZU (UfeLi ^fe) f° r some finite set Z and some family {Jk\k=i °f mutually 
disjoint open intervals of the form = + a^I with < afe < 1. In particular, l-l}(J) = ^2k=i ctfe- 
We infer from (%), (m,) and (v) that £ 7 (J, p) > (^ fe ak)£ 1 (I, p), leading to £ 7 (J, p) > W 1 (J)£ 1 (I, p). 
The reverse inequality can be obtained in the same way inverting the roles of / and J. 
Proof of (vii). Claim (vii) is a straightforward consequence of (iv) and (vi). □ 

Remark 4.3. As a consequence of (vi,) and (vii) in Lemma [4.2i we have £ 7 (J, p) = K*'H 1 (J) for 
every p > and every bounded open interval JcK. 

An important consequence of Lemma 14.21 is that the energy of optimal sequences for £ 7 (J, p) is 
concentrated near the limiting interface. We shall make use of Corollary 14. 4l in the next subsection in 
order to compare the constants K* and K 1 . 

Corollary 4.4. Assume that (Hi), (H2) and (|1.5|) hold. Let < S < p and let J C K be a bounded 
open interval. For any sequences h n — > + , e n — > + and {u n } C H 2 (J p ;M 3 ) such that h n /e n — > 7, 
(u n , -f^d 3 u n ) — > (u ,b ) in [i^JpjR 3 )] 2 , and lim„ F^ (u n , J p ) = K^H 1 ^), we have 




{u n } C H 2 (J p ;R 3 ), (u n , —d 3 u n ) -> (u ,6o) in [i^JpjM 3 )] 2 



lim J p \ J 5 ) = 0. 



00 
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Proof. Since J§ C J p , we deduce from Remark FOl that limsup„ F^ n (u n ,Js) ^ £ 7 (J,p) < oo. On 
the other hand the sequence {u n } is admissible for £ 7 ( J, S). In view of Lemma l4~2l we infer that 

liminf 7>™ (u n , Js) ^ £ r ( J, <5) = £ 7 ( J, p) = lim F fe ™ («„, J„) . 

Therefore lim„ i 7 ^™ («„, Js) = hm„ T 1 ^" (u„, J p ) which clearly implies the announced result. □ 

Proof of Proposition [4TT1 By the translation invariance of F^ n , we have lim inf „ F^™ (u n , U) = 
lim inf „ F^™ (ru n , J p ), where ru n (x) :— u n (x\ + a,X2,x^j. Obviously (ru n , -^-d^Tu n ) — > (tu,t6) in 
[L 1 ( J p \ R 3 )] 2 with tu(x) := u(xi + a, X2, X3) and rb(x) := b(xi + a, X2, X3). If the first case in (|4.2p 
holds, then (tu,t6) = (uq + co,6o) for some constant cq £ R 3 . Subtracting the constant Co, we derive 
from the definition of £ 7 and Remark 14.31 that 

lim inf F £ h " (u n , U) = lim inf F^ n (ru n - c , J p ) > E 1 (J, p) = K* . 

If the alternative case in (|4.2[) holds, then (— tu, rb)(—x) = («o + co, bo) (x) for some constant cq £ R 3 . 
Observe that 7*™ (ru n , J p ) = 7*™ (v n , J p ) with v n (x) = -TU n (—x) - c . Then (v n , -^dzVn) (it , bo) 
in [L\J P ;R 3 )] 2 . Hence, 

liminf F^(u n , J p ) = liminf F> l "(v n , J p ) ^ £ 7 (J,p) = K+H^J) , 

and the proof is complete. □ 

Remark 4.5. Setting ivT^ to be the constant defined by (|4.1j) with 7 = +00 (see (JBTTJ) ) , and assuming 
that < 00, one may check that Proposition |4J] and Corollary 14.41 still hold in the case 7 = +00 
with the same proofs. 

We are now ready to prove the main result of this subsection which extends Proposition 14.11 to 
the general case. The proof for A' 7^ B 1 will be a direct consequence of Proposition 14.11 while the 
case A' = B' will require an additional analysis based on a blow-up argument. 

Theorem 4.6. Assume that (Hi) — (77 2 ), (H 5 ) and (|1.5[) hold. Leth n -4 + ande n — s- + be arbitrary 
sequences such that h n /e n — > 7. Then, for any (u,b) € c € and any sequences {u n } C 77 2 (il;R 3 ) such 
that (u n , j^-dsUn) —> (u,b) in [i 1 (f2; R 3 )] 2 , we have 

liminf F^(u n ) ^ K*Pev u (E) , 

n—too 

where (V'u, b)(x) = (l - Xe(x'))A + X e{x')B . 

Proof. Step 1. We first assume that A' 7^ B' . Assuming that E is non trivial, by Theorem 12.11 
we can write d*E n u> as in (|2.5I) . Then we have H 1 (d*E n w) = Tln^^T^iJi) < 00. Consider an 
arbitrarily small <5 > and choose fc~ = fc _ (J) e ^ and fc + = k + (5) g such that fc~ ^ fc + , and 
'H 1 (d*Enuj) ^ Si=fe- + For each i = fc _ , . . . , fc + , let J[ CC be an open interval satisfying 

'M}(Ji) ^ + fc+_fc- + i - Since {cti} x J- CC w and a; < ai+i, we may find p > small in such 

a way that the sets (a, — p, a; + p) x J 4 ' are still compactly contained in oj, and on + p < a;+i — p 
for i = fc~, . . . , k + . Then we set for each i = k~ , . . . , fc + , Ui := (a; — p, + p) x J[ x 7 c fl. Observe 
that the U^s are pairwise disjoint, and that (V'u, b) is of the form f|4. 2|) in each J7i. 

Let us now fix an arbitrary sequence {«„} C 77 2 (fi;R 3 ) such that (u n , j^d^Un) — > (u,b) 
in [7 1 (fi;R 3 )] 2 . Using Proposition ^. 11 we estimate 

k+ fc+ 
liminfF^K) ^ Y liminf F^(u n , U t ) > V K*'H 1 (J' i ) > K*H 1 (d*E flu) - 2£7C , 

and the conclusion follows letting 5 — >• 0. 

5iep ^. We now consider the case A' = B' (= by (jl.Sp 1 ). Then «o = and u is constant. Without 
loss of generality we may assume that u = 0. In the remaining of this proof, we shall identify any 
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b £ L 1 (Q';]R 3 ) with its extension to Q given by b(x) = b(x'). With this convention, we introduce for 
beL^Q'-M 3 ), 

G~/(b) ■= mil liminf («„, Q) : h n — > and s n — > with h n /s n — > 7, 

{u n }cH 2 (Q;R 3 ), ( Un ,J-d 3 u n )^(0,b) in [^(QjR 3 )] 2 }. 

ti n J 

Notice that K* = Gy(bo). We shall require the sequential L 1 -lower semicontinuity of the functional 
G-y stated below. The proof of Lemma |4 . 71 only involves a standard diagonalization argument, and we 
shall omit it. 

Lemma 4.7. Q 1 is sequentially lower semicontinuous for the strong ^-topology. 

Let {u n } C H 2 (n;M. 3 ) be an arbitrary sequence satisfying (u n , -^-d^Un) —> (0,b) in [L 1 (fi; R 3 )] 2 . 
Without loss of generality, we may assume that liminf „ F^™(u n ) = lim„ F E n (it„) < 00. By Theo- 
rem [23] we have b(x) = b(x') = (l — xe{x'))As + xe{x')B 3 for a set E C oj of finite perimeter 
in oj. 

Using Fubini's theorem, we define a finite nonnegativc Radon measure [i n on oj by setting 

Mn := ( / — W (Vfe„u„) + e n |V 2 u n \ 2 dx 3 | C 2 [oj , 

and /x„(w) = F^(u n ). In particular sup n /z„(w) < 00, and thus there is a subsequence (not relabeled) 
such that ji n — ^ fj, weakly* in the sense of measures for some finite nonnegativc Radon measure fi 
on oj . By lower semicontinuity we have n(oS) ^ lim„/i n (w) = lim„ F^™ («„) . It then suffices to prove 
that fi(u) ^ K*'H 1 (d*Er\uj). By the Radon-Nikodym Theorem, we can decompose fi as fi = (1q + fi s , 
where /Lto and ji s are mutually singular nonnegativc Radon measures on oj, and /io <C H 1 [<9*i? f~l w. It 
is enough to show that fi (oj) > K*W}(d*E n w) which can be obtained by proving that 

For 1/ £ S 1 and <5 > 0, we denote by Q'^ C M 2 the unit cube centered at the origin with two sides 
orthogonal to u, and Q' v (x' ,5) := x' + 8Q' V . By a generalization of the Besicovitch Differentiation 
Theorem (see [2J Proposition 2.2]), there exists a Borel set Zcw such that H l {Z') = 0, the Radon- 
Nikodym derivative of no with respect to H 1 [d*ED oj exists and is finite at every x' £ (d*EP\oj) \ Z, 
and 

-K) = I™ -J^§J^lpl for every x' £ (d*E Doj)\Z and all 



dK 1 [d*E n w v uy «->o+ W-(d*Er\Q> v (x' ,5)) 

For € d* EDoj, let us denote by v$ £ S 1 the generalized outer normal to E at x' . By Theorem 3.59 
and Remark 2.82 in [3], we have 

hm — = 1 for n. -a.e. £ n € a £/ n cj . 4.3 

Moreover, it is well known (see e.g. [4j Example 3.68]) that 

lim 4 / l&O')- ^0(^)1^' = ° for 'H 1 -a.e. il, G d* E n w , (4.4) 

where 6 X0 (a;') := X{(x'-x' )-u >o}( x ') A 3 + X{(x'-x' )-u <o}( x ') B 3- 

Let us now fix a point x' £ (d*E Doj)\ Z satisfying (|4.3|) - ()4.4|) . We choose a sequence 6k —> + 
such that Q' Uo (x' ,6 k ) C oj and n(dQ' Uo (x' ,5 k )) = for all k £ N. Then 

att L y<J* E fl OJ fc-yoo Ofc fe->oo ra->oo Ofc u 

= lim hm ^F £ h : (u n , Q' VQ (x' , S k ) x /) , 

fc— >oo n— >-oo Ofc 
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where we have used Fubini's theorem in the last equality. Let R £ SO(2) be such that Re\ = Uq, 
and define for x £ Q, v n: k(x) := j^u n (x' + S^Rx' , £3). Observe that b xo (x' + Rx') = b (x'). We also 
have h n>k := |^ -> 0, e„, fe := ->• 0, h n ,k/e n>k -> 1, and (u n , fe , ^9 3 w«,t) -> (0,6*) in [Z^Q; R 3 )] 2 
where bk(x') := 6(2:0 + SkR'x'). Changing variables, we derive from assumption (#5) that 

F£ (u„, Q'„ (x' ,6 k ) xl) = S k Ft; k k (v„, k ,Q) ■ 
Then it follows from the definition of Q 1 that 

-(x' ) = lim lim Fe^(v n ,k,Q) > liminf G~,(bk) ■ 



On the other hand, by (|4.4j) we have 6fc — ^ 60 in i 1 (Q';K 3 )- In view of Lemma |4"771 we deduce that 

which completes the proof. □ 

4.2. Lower bound on K* 

7 

In order to compare the constant K* with K 7 , we prove in this subsection that under the additional 
assumptions (H3) — (H4), sequences realizing K* can be prescribed near the two sides {x\ = ±5}, 
and chosen to be independent of the a^-variable. This is the object of Proposition 14.81 below. First 
we state some useful facts on potentials W satisfying assumptions (Hi) — (H3) that we shall use 
throughout the paper. The proof of Lcmma l4.8l is elementary and we omit it. 



Lemma 4.8. Assume that (Hi) holds. Then W satisfies (H2) — (H3) if and only if there exists a 
constant C* 1 such that for every £ £ R 3x3 ; 

-L min (|£ - A\", \Z - B\P) < W(0 ^ C. min (|£ - A|", |£ - B\?) . (4.5) 

In particular, if (Hi) — (H3) hold, then 

W(0 s? C*2 p - 1 (W(£) + \Z-Z\ p ) V£,£ el M . 

We now state the pinning condition described above. It parallels [Jj)J Proposition 6.2] in the 
context of dimension reduction. 

Proposition 4.9. Assume that (Hi) — (H4) and fL5|) hold. Then there exist sequences e n 0, 
{c n } C R 3 , {g n } C C 2 (Q;R 3 ) swc/i i/iai <?„ is independent of x^ (i.e., g n (x) —: g n (xi,X3)), c n —> 0, 

9n -> MQ ^(QsM 3 ), -> 60 m lp(Q;R 3 ), 

g n = u + je n X3b in Qf]{xi > 1/4} , g n = u + je n x 3 bo + c n inQf]{xi < -1/4}, 
and ]im n F%«(g n ,Q) = K*. 

Proof. Step 1. Let us consider sequences h n — > 0, e n — > and {u n } C H 2 (Q;M. 3 ) such that 
/i n /£n -> 7, (u n ,-f^d3U n ) -> (uo,6o) in [Z 1 (Q; R 3 )] 2 , and lim„ Fg™ (m„, Q) = A'*. Applying stan- 
dard regularization techniques if necessary, we may assume that u n £ C 2 (Q;R 3 ). By Theorem 11.11 
we have u n —> uq in W l p (Q;M. 3 ), and -^-d3U n — > b Q in L P (Q;R 3 ). Setting e„ := h n /j, we claim that 
lim n F^(u n , Q) = K*. Indeed, it suffices to notice that 

F e h -(u n ,Q)-F^(u n ,Q) ^ (\i-T^\ + \i-^\)F^(u n ,Q) — > 0. (4.6) 

Extracting a further subsequence if necessary, we can find an exceptional set Z C / of vanishing 
"^-measure such that for every x^ £ I\ Z, the slices u n (-,X2, •) and -^-d3U n (-,X2, ■) converge to uq 
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in W^ P {I x {x 2 } x i;R 3 ) and b in LP (I x {a; 2 } x i;R 3 ) respectively. We select a level s n € I\Z 
satisfying 



/ — V^(V h „ii n )+e n |V^it n | 2 dH 2 < F^(u n ,Q). 

JIX{s n }xI £ n 



(4.7) 



From now on we write 

u n {x) := u n (xi,s n ,x 3 ) and u n (xi, x 3 ) := u n {xi, s n , x 3 ) ■ 
By our choice of s n , we have u n —> mq in W 1 ' P (Q; R 3 ), and -^-d 3 u n — > 60 in L P (Q; R 3 ). Since 92U n = 0, 



-W(V h „u„) +e„|V^ 1 2„| 2 dH 2 < A'* 



assumption (H4) together with (|4.7j) yields 

lim sup F^" (« n , Q) < lim sup / — 

n->oo " n-»oo J/x{s„}x/ e « 

On the other hand, liminf„ F^™(u n , Q) > K* by definition of if*. Hence lim n F^(u n , Q) = K*. 

Step 2 (first matching) . We start partitioning ( x Q' into M n := [j-] layers of width 12 * f 
([•] denotes the integer part). By Corollary 14.41 the energy concentrates near the interface {x\ = 0}. 
Therefore we can find a layer L„ := (9 n — 12 m > x Q' C |) x Q' for which 

M„ ^ \u n - u \ p + I ^d 3 u„ - 6 | P + |Vu„ - Vu | p dz + F e h n " (u n ,L n ^j ^ 

I \u n - Uo \P + \ d 3 u n -b \ P +\Vu n -Vu \ p dx + F^(u n , , i) xQ')=:a n ^0. 

i(i,i)xQ' 'An 

(4.8) 

Then select a level t n € ((9„ — 12 j >/ , #„J satisfying 

/ |u„ - uol" + |^$»u„ - b \ P + \Vu n - Vu \ p dU 2 

J{t n }xQ' 

+ f L W (y hnUn ) + £n \V 2 hn u n \ 2 dU 2 < 12a„ . (4.9) 

Let (p n £ C°° (R) be a cut-off function satisfying 

< <p n < 1 , 

¥>n(i) = 1 for f s$ 6»„ - j^ij- 
<p n (t) = for t > 0„ , 

for a constant C independent of n. For a: € L n7 we set 



(4.10) 



with 



We claim that 



v n (x) := (l - <p n (xi)) (u (x) + h n x 3 b (x) + u n (x 3 )) + ip n (xi)u n (x) . 
««(x 3 ) := u n (t n ,x 3 ) - u (t„) - x 3 / d 3 u n (t n , s) ds . 



J \v n — uo\ p dx — > . 



1 



— { \Vv n -Vu Q \ p dx^Q, 

— [ W(V hn v n )dx^0, 

f 1 „ |2 



(4.11) 
(4.12) 
(4.13) 
(4.14) 
(4.15) 
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Applying Jensen's inequality, we derive from f|4.9[) that 



\u n \ p dx 3 ^C \u n -u \ p + \d 3 u n \ p dH 2 <Ca„ -> . (4.16) 

J{t n }xQ' 

Then (|4~TTJ) easily follows from (g^J), (gTSJ), and (|4TT5|) . To prove (|4~T2j) . we first estimate for x 3 € I, 

l<(^3)K [\di 3 Un(tn,s)\ds< I / |S 3 V„| 2 dft 2 J < C^ 3 , (4.17) 



where we have used Poincare's inequality, Holder's inequality, and (|4.9|) . We may now infer that 
— / \j-d3Vn - b \ P dx ^ C ( — j \^-d 3 u n - b \ p dx + \ I \u' n \ p dx 3 ) < Ca n -> 0, 

£ n J L n ""n \ £ n J L n ""n £ n Jl / 

thanks to (fCS]) and ([4"TT)I . Observing that 

«n - ko - h n x 3 b - u n = x 3 / (ftfn - ^n&o) dH 2 on {t„} X Q' , 

J{f„}xQ' 

we can apply Poincare's inequality to obtain 



C 

\u„ - wo - h n x 3 b - u„\ p dx sC — 



— f \d 3 u n - h n b \ P dU 2 

*n J{t n }xQ' 

+ C {jr) j L \ d ^n-d 1 u \Pdx^Ca n s P l +1 . (4.18) 
Then, using (jUJ), (gSJ), (j4T0| . and (j4~18| we derive 

— / \Vv n -Vu \ p dx ^ — [ (^\u n ~uo~h n x 3 bo-u n \ p + \V'u n -Vu \ p ) dx ^Ca n ^0, 

£ n J L n £ n J L n \ £ n / 

and (|4.13p is proved. In view of (|4.5p . estimate (|4.14|) follows from (|4.12|) and (|4.13|) , i.e., 
— / W(V hn v„) dx^ — [ min (|V hn «„ - A\ p , \V hn v n - B\ p ) dx 

<— / |V /l „« n -(V'w o ,&o)r^^0. (4.19) 
We prove (|4.15l) in separate parts. In view of (|4. 10[) we have 

e n [ \{V) 2 v n \ 2 dx^c(e n ( \(V) 2 u n \ 2 dx + — f \Vu n -Vu Q \ 2 dx 

J L„ V JL n £n J L n 

+ 7s J l u " - u ° ~ h nX 3 b Q - u n \ 2 dx^j , 

and we shall estimate each term separately. The first term on the right-hand-side of the inequality 
converges to by (|4.8p . For the last two terms, we use (|4.8[) and (|4.18[) together with Holder's 
inequality to obtain 

— / \Vu n - Vu \ 2 dx < |Z/n| - ( [ \V'u n - V'u \ p dx) ^ sC Ca 2 J p , 

£ n J L n £ n \JL n J 

and 

1 f , , , _ , . \L < ' ^ 



£ 3 / 



\Ln\ * ( f \ 

\u n -u -h n x 3 b -u n \ 2 dx — ^ — yj \u n -u - h n x 3 b - u n \ p dxj < Ca 2/p -> , 
and we conclude that e„ J L |(V') 2 w„| 2 dx — > 0. Finally we estimate 

e n \V'(j-d 3 v n )\ 2 dx c( e n I \ V'(— d 3 it„) | 2 dx 

+ 7"/ |^-^3U»-&o| 2 ^+ ^-^|<| 2 ^3^ < C*^„ + a^j ->0, 
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where we have used again (|4.10[) . Holder's inequality, (|4.8j) . and (|4.17p . Since 11^(2:3) = d 2 ^u n {t n ,xz), 
we infer from (|l~g|) . (fO]l . and (|4~TU|) that 



1 



|d 2 3 t>„| 2 dx^Cl^ I \d 2 3 u n \" dx + ^ I \dl 3 u n \ z dU 2 ) Ce„« n ->■ , 

which ends the proof of (|4. 15[) . 

Step 3 (second matching). Let tp n £ C°°(R) be such that ^ ip n ^ 1, ip n (t) = 1 if t ^ ^ n (i) = 
if t 1/4, and + \tp'^\ ^ C for a constant C independent of n. For x £ (6 n , x Q', we set 

w n (x) := uo(x) + h n x 3 b (x) + c+ + ip n (xi)(u n (x3) - c+) , 
where c+ := J, m„(x3) c?X3 — ^ thanks to (|4.16[) . We claim that 

\w n - u \ p dx -> , (4.20) 



^-a 3 w„-6 rdx^0, (4.21) 

/in 

W(V hn u;„) da;->0, (4.22) 

|V 2 w n \ 2 dx -> 0. (4.23) 



1 

£ ™ J(6n,i)xQ' h 
1 



'(e n ,k)xQ' 

First, (|4.20|) and (|4.21|) are easy consequences of (|4.9|) and ()4.17|) respectively. Next wc apply 
Poincare's inequality and (|4.17j) to derive that 

— /. . \Vw n -Vu \Pdx^— [ \ Un - c+\p dx 3 ^ — f \u' n \P dx 3 ^ CeT^ al ^ . (4.24) 

£n J \6 n ,\)ycQ' £ n Jl £n J I 

Then, to prove (|4.22[) we argue exactly as in (|4.19[) using (|4.21[) and (|4.24|l . We finally obtain in a 
similar way that 



/ |Vk n tO n | dx ^ 



c(e n f \u n - c+| 2 dx + — [ \u'J 2 dx 3 + / \d 2 33 u n \ 2 dH 2 ) ^ Ca n -> , 

V J{6 n ,z)xQ' £n Jl n nJ{t n }xQ> J 

and (|4.23[) is proved. 

Step 4- To conclude the proof, we first set for ieQ, 

w„(x) for Xl < n - j^- , 

v n (x) for 0„ - j^g^ xi < 

w„(cc) for n ^xx < \ , 

u (x) + h„x 3 b (x) + c+ for ± ^ x\ < 5 . 



(4.25) 



7n 0*0 : = < 



Recalling that ft,„ = 7£„, it follows from the previous steps and Corollary 14.41 that g+ £ C 2 (Q;] 
g+ ->■ u in W^(Q;R 3 ), ^35+ ->■ &o in LP{Q;R 3 ), and lim„ ( 5 +, Q) = hm n i™f» (« n , Q) = 
if*. The sequence {<^j~} satisfies the pinning condition g+ = uo + 7£n0; 3 &o + in Q n {xi > 1/4}. 
Then we repeat construction to modify g+ in (— |, 0) x Q' in order build a new field <?~ € C 2 (Q; R 3 ) 
satisfying 3,7 = u + 7e„a- 3 & + c ^ in Q n {x\ < —1/4} for some constants c~ —> 0. Now it suffices 
to set g n := g~ — c+ and c n := c~ — c+. By construction g n does not dependent on X2, that is 
g n (x) =; g n (xi,x 3 ). □ 

Corollary 4.10. Assume that (H{) - (H 4 ) and (TO]) /10/d. T/ien K* £ K 1 . 
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Proof. We consider the sequences {e n } and {g n } given by Proposition 14.91 Remind that g n (x) = 
g n (xi,x 3 ). We set l n := l/e„, and for y = (yi,y 2 ) € £ n I X jl, v n (y) := j^g n (e n yi,y 2 h). Then 
straightforward computations yield Vv n (y) = {u' (yi), &o(?/i)) nearby {\yi\ = 4/2}, and 

«7 < - / W(Vw„) + | W| 2 = F^"( 5n , Q) . 

By construction of {<?«}> the conclusion follows letting n — > oo. □ 



4.3. TTie T-limsup inequality 

We conclude this section with the construction of a recovery sequence. Then Theorem 14. 1 II together 
with Corollary 14.101 and Theorem 14.61 concludes the proof of Theorem 11.21 

Theorem 4.11. Assume that (Hi) — (H 5 ) and (|1.5[) hold. Let e n and h„ — s- be arbitrary 
sequences such that h n /e n — > 7. Then, for every (u,b) € ', there exists a sequence {u n } C iif 2 (f2;R 3 ) 
such that u n — y u in W^fyR 3 ), -j^d 3 u n -> b in L p (fi;IR 3 ) and 

lim F^(u n ) = K 1 Per w (£) , (4.26) 

n— too 

where (V'u, 6)(s) = (l - XJj(a/))A + Xe(x')B. 

Proof. Step i. We first assume that A' 7^ so that d*E n w is of the form ([23]) by Theorem O 
We also assume that it is made by finitely many interfaces, i.e., ,f = {1, . . . , m} in (|2.5[) . In this 
case, by Theorem 12.11 we have u(x) = u(x\) and b(x) = b(xi) where u G W 1,00 ((a m in, a ma x); R 3 ), 
€ W((a min ,a max );{(a, A3), (-a, -A 3 )}), and (a min ,a max ) is defined by KOJ). Without loss 
of generality we may assume that u'(xi) = —a for X\ < a%. Then u'(t) = a for on < t < a^+i if i is 
odd, u'(t) = —a for en < t < a^+i if i is even, and u'(t) = a or u'(t) = —a for t > a m if m is odd or 
even respectively. 

Let us consider for each k € N, some 4 > and Ufc £ C 2 (£kl x 7-f;R 3 ) such that Vffe(y) = 
(«d,&o)(yi) nearby {|yi| = 4/2}, and 

-/ W(V^) + |V 2 w fc | 2 dy^ 7 + 2- fc . (4.27) 

7 J£ k lxjl 

Subtracting a constant to if necessary, we may assume that 



Vk(y) = < 



ay 1 + Azy-2 + c fe nearby {y\ = 4/2} , 
-ayi + B 3 y 2 - c k nearby {yi = -4/2} : 



(4.28) 



for some c k € R 3 . 

Let h n — > be an arbitrary sequence, and without loss of generality we can choose e n := h n /j 
(see (|4.6|) ). We fix for each i = 1, . . . , m, a bounded open interval J,' C K such that 

Ji CC and H\Jl \ Ji) < 2- k , (4.29) 

and we shall consider integers n large enough in such a way that on + £kS n /2 < on + \ — £k£ n /2 for 
every i = 1, . . . ,m — 1. We write for each i = 1, . . . , m, 

n £k^n , n 4 e n , . oa n 

a£_ := Oj — and a i+ := a, H — . (4.30) 

Note that by convexity of oj, 

(«_,<) x M) n, C (<_,<) x (4.31) 

whenever ?i is sufficiently large. 
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We define the transition layer near each interface as follows: for each i = 1, . . . , m, we set for 
x G «_,af + ) x J- x I. 

<*(*) == > ("tf+Vs) + (1 + (-1)0 («| + c fe 

Observe that (|4~28)) yields 



(4.32) 



and 



Sotting 



wl n (a? + ,x 2 ,x 3 )=v k f(-iy+^, 7X ^ +2{l + (-iy)c k . (4.33) 



/3» := $>«+) - u(a?_) and K , := 2^ (l + (-1)*) , 

3=1 3=1 



(4.34) 



with /3g := 0, kq := 0, we finally define for n large enough and x G f2, 



for a?i ^ a"_ 
for a™_ < xi < a 



u(xi) - /3™ + e„w fe ^ (-l) 4+1 y,7a;3 J + £ n KiCfe for a™ + 



m(xi) - /3™ + e n u fc ^(-l) m+1 y , 7x3 J + e„K m c fc for x x 5? a™ + . 

In view of (|4.32[) - (|4.33|) we have G H 2 (£l; M 3 ). Moreover, u n ^ does not depend on the a^-variablc, 
and 



(u'~b)( Xl ) 



,(-l)' +i 7X3 if a?_ < x x < al 



+ • 



(4.35) 



otherwise . 



Since u is Lipschitz continuous, we have |/3™| ^ Ce n for a constant C independent of n. In addition, 
Vk and Vvk are bounded, and we infer that u n ^ — > u in W 1,p (f2; M 3 ) and -^-d 3 u n .k —> b in L p (f2; 
asu->oo. Using (|4.31 [) . (|4.35[) . and changing variables, we estimate 

m 



E 



?m) 



7 JtklXjI 



W{Vv k ) + \V 2 v k \ 2 dy 



sc:X 7 Per u (£;) + Co2- fc , 

for a constant Co which only depends on m and Per w (_E). 
For each k G N, we can now find iVfc G N such that 

\\u n , k - u\\ w i, P(Q) ^ 2- k , \\-Ld 3 u, hk -b\\ LP{n} ^ 2- fc , F^(u n , k ) sC K y Pey lJ (E)+C 2- k 

>T>n 

for every n ^ iVfc. Moreover we can assume that the resulting sequence {N k } satisfies N k < N k +i 
for every k G N. Then for every n iVo, there exists a unique fc n such that iVfc^ n < Nk n +i, and 
k n —> +00 as n — » +00. Wc define w„ := u n ,fc n and it follows that u n — > u in W 1,p (£l; R 3 ), -r-dsu n —> b 
in LP(f7;]R 3 ), 



limsup F e ' 1 " (u n ) < iT 7 Per w (£) . 



(4.36) 
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Finally (|4~2l))) holds by flOg) , Theorem and Corollary EEU1 

Step 2. We now consider the case where A! ^ B' and d* E flw is made by infinitely many interfaces, 



i.e., d*E n w is as in (|2.5[) with ^ c Z infinite. We may assume for simplicity that ^ = N. The 
general case can be recovered from the discussion below with the obvious modifications. 

By Theorem 12.11 we have lim fc J2i=o ( ^i) = Y^ien^iJi) = P cr w(-E0, an d aft converges to 
a max . For fc G N large enough, we define some Ufc G W rl '°°(ri; IR 3 ) in the following way: we set 
u k {x) := u{x) for x G f2 PI {xi < afc+i}, and we extend u k to be affine in the remaining of f2 in 
such a way that Ufe and Vufc are continuous across the interface {x\ = ak+i}- Similarly we define for 
x G f2 H {xi < oik+i}, b k {x) := 6(a;), and we extend b k by a suitable constant in the remaining of 
so that it remains continuous across {x\ = a k+ \}. Then one may check that (v,k,bk) G and that 
(y'uk,b k ) = (1 — XE k (x'))A + \E k (x')B with d*E k n cj = Uf=o{ a '} x ^- Moreover, using the fact 
that a k — > a m ax, we derive that Uk — > u in W 1,p (f2; R 3 ) and 6 fc -> 6 in L p (0;R 3 ). 

Let /i„ — > and e n — > be arbitrary sequences such that h n /e n — > 7. Since d*E k C\u is made by 
finitely many interfaces, by Step 1, we can find {u n ^} C if 2 (f2; R 3 ) such that u n ^ k — > inVF 1,p (£lR 3 ), 
-^-dzu n _k — > &fc hi L p (f2;R 3 ), and lim„ (u nj fc) = A' 7 X)i=o^ 1 (^)- Then the conclusion follows for 
a suitable diagonal sequence u n := u n ,k„ as already pursued in Step 1. 

Step 3. We finally treat the case A' = B' (= by p.51) - ). Without loss of generality we may assume 
that u = 0. According to Theorem 12.11 we have b(x) = (1 — xe(x'))A 3 + xe(x')B 3 where E C us is 
a set of finite perimeter in ui. By Lemma 4.3 in [3], we can find a sequence {E k } of bounded open 
sets in R 2 with smooth boundary such that XE k Xe in L 1 ^), and lim^ l~l}(dE k (1(3) = Per LJ (E). 
We define for x G £1, b k (x) := (1 - XE k (x'))A 3 + X E k (x')B 3 , so that b k 6 in L p (i7;R 3 ). Since 
A4 k := dE k is a smooth submanifold of R 2 , for every k G N we can find <5fc > such that the nearest 
point projection onto Ai k is well defined and smooth in the tubular ^-neighborhood 

U k := {x 1 G R 2 : dist(a;', M k ) < S k } . 

We define the signed distance to M k as the function d k : R 2 — > [0, +00) given by 

, -dist(x',M k ) iix&Ek, 
d k (x'):= { 1 ' (4.37) 

dist (a/ , M ) otherwise . 

Then dfc is smooth in the level sets {d k = t} —: A4 k are smooth for all t G (— 5 k ,5 k ), and the 
function t G (— S k ,5 k ) i-> 'H 1 {M k fl SJ) is upper semicontinuous (see e.g. @J Proposition 1.62]). In 
particular, 

limsup nw) ^'H 1 (X fc nzu). (4.38) 

t-s-0 

Next we consider for each fcgN, some 4 > and u^. G C 2 (£ k Ix-fI; R 3 ) satisfying Wv k (y) = (0, &o(yi)) 
nearby {| yi | = 4/2}, and (jQ7|) . 

Let h n — > be an arbitrary sequence. Here again we can choose e n '■= h n /j. For each k G N and 
?i G N such that e n l k < 6 k , we define for x G SI, 

/ dfe(a;') \ , 4e« 

W ,7^3 it\dk{x)\< 



u„, k (x) 



£ n v k ( ^,7^3 ) if d k (x) ^ 



2 ' 



2 1 ' 7 v ' 2 ' 

£ " w fc ( --7777^3 ] if d k {x ) ^ 
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Then u n . k 6 H 2 (Q;W), and 




( dk{x '\ 1X3 ) ®Vd k (x>),d 2 v k ( jf | dfc(ir /)| < 4£ » 



otherwise . 

From the boundcdness of v k and Vv k together with the smoothness of d k in U k , we infer that u n . k — > 
in W 1,P (S1; R 3 ) and -^-d 3 u n , k — ► in L p (f2;R 3 ) as n — ^ oo. Now it remains to estimate F£" n (u n , k )- 
First of all, (|43§)) yields F£» (« n>fc , 0\{|<4(:r')l < 4e„/2}) = 0. Using the fact that |V<4| = 1 £ 2 -a.e. 
in R 2 , we infer from (H 5 ) that for x E fi n {|dfe(x')| < 4e n /2}, 

W / (V/ t „u„ ifc (x)) = U(|9iw fc (dfc(x')/e Il ,7a;3)|,92Wfe(rffe(a;')/ e n)7a ; 3)) = W(Vu fc (d fc (.T')/e n , 7x3)) . 

Next we compute for x e 17 n {|dfc(:r')| < £ k s n /2}, 

|V£ w„. fe (x)| 2 = ^|V 2 ^(d fc (a;')/en,7^3)| 2 + |diUfc(dfc(£0/£«,7^3)| 2 |V 2 dfc(x')| 2 
2 

H 

which yields 



d 1 v k (d k (x')/e n ,-/x 3 ) ■ dfv k (d k (x')/e n ,-fx 3 ) V 2 d k (x') ■ (Vd k (x r ) ® Vd k (x')) , 



\Vl n U nt k(x)\ 2 < ^—^-\V 2 v k {d k {x')/£ n ^x 3 )\ 2 + — \div k (d k (x')/e n ,~/x 3 )\ 2 , 
£ n En 

for ie!ln < £ k e n /2} and some constant C k independent of n. Therefore, 

Ft («»,*) = («n,fc. « H {Mfc(z')l < 4^/2}) < J* + /J* , (4.40) 

with 

r fc 1 f , , , ,s , ^ . I„9 / , , /x , M2 



/£:=—/ W(Vw fc (d fc (a;')/en,7a;3)) + | VV (d fc (.T')/£ n , 72:3) | da;, 

e n Jnn{|rf fc |<^e„/2} 



and 



11%:= \V 2 v k {d k (x')/e ni ~fx 3 )\ + C k \div k (d k (x')/e n , 7x3) | dx . 

Jnn{|d fc |<f fc e„/2} 

Using Fubini's theorem, the Coarea Formula, the fact that |Vdfc| = 1, and changing variables we 
estimate 



J * =—/"(/ W(V^(d fe (x')/£n,7^3)) + |V 2 w fc (d fc (x')/£„,7^3)| 2 dx'W 

(W(V^(i/e™,7^3)) + IV^feCVen,!^)! 2 )^ 1 ^* nw)dt Jdia 



En J/ \Jt k e n I 
1 



°™ Je k e n IxI 
7 J£ k IxjI 



W(Vv fe (t/£„,7X 3 )) + |V 2 w fc (t/£„,7x 3 )| 2 ) U 1 {M k t C\Lo)dtdx 3 
W(Vv k (y)) + \V 2 v k (y)\ 2 ) % l {M k enVx r\u)d V . 



Then Fatou's lemma, (|4~38| . and (|4~27]) yield 



L 7 

Arguing in the same way we infer that 



limsupl* < {K 1 + 2- k )U 1 (M k Dul). (4.41) 



lim II* = lim / (|V 2 Ufc ( 2 /)| 2 + C fc |a 1 « fc (y)| 2 )H 1 (X £ „, 1 ncJ)dj/ = 0. (4.42) 

Gathering (|4~4"0"1) . (gUP and (|4~4"2]) . we derive 

lim sup lim sup F^ n (u n _ k ) ^ /•r 7 Pcr w (£') . 

Since lim fe lim„ ||wn.,fe|| = 0, and lim fc lim„ ||^<9 3 u n ,fc - &||i»>(fi) = hm fc ||fe fc - 6||jy>(n) = 0, the 
conclusion follows for a suitable diagonal sequence u n := u„ as in Step 1. □ 
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5. T-convergence in the subcritical regime 

This section is devoted to the proof of Theorem 11.31 The T-liminf inequality is obtained through 
a slicing argument, and by establishing a lower asymptotic inequality for a reduced 2D functional 
(see Proposition 15. 1| much in the spirit of Section 14.11 The T-lim inf and T-lim sup inequalities are 
stated in Theorem 15.31 and Theorem 15.71 respectively, and Corollary 15.61 shows that lower and upper 
inequalities agree. 

5.1. The r -liminf inequality 

For a bounded open set icl 2 and e > 0, we introduce the localized functional F®(-, •, A) defined 
for a pair (u,b) € H 2 (A;R 3 ) x ff^R 3 ) by 

F°(u,b,A):= f -W(Vu,b) + e(\(V) 2 u\ 2 + 2|V'6| 2 ) dx' . (5.1) 

J A e 

Then we consider the constant 

K* := inf (liminf F° (u n ,b n ,Q') : e n -> 0+ , {(u n ,b n )} C H 2 (Q';R 3 ) x H 1 (Q , ;R 3 ), 

I n— >oo 

(u n ,b n ) ->■ (wo, 60) in [^(O';^ 3 )] 2 ! . (5.2) 

Here again the constant Kq is finite, as one may check by considering an admissible sequence {(u n , b n )} 
made of suitable (standard) regularizations of uq and bo . As in the previous section, we first provide a 
lower bound in terms of Kq for the lower T-limit of the family {F®} in case of an elementary jump set. 

Proposition 5.1. Assume that assumptions (Hi), (H2) and (jl.5[) hold. Let e n — > + be an arbitrary 
sequence. Let p > and a G R, let J C R be a bounded open interval, and consider the cylinder 
U' := (a - p,a + p) x J. Let (u,b) e W^°°(U'; R 3 ) x L°°(U';R 3 ) satisfying Then for any 

sequence {{u n ,b n )} C H 2 (U';R 3 ) x H^C/'jR 3 ) swc/i that {u n ,b n ) -> (u,b) in [L 1 ^'; R 3 )] 2 , we have 

liminf F° (u n ,b n , V) > K*rl l {J) . 

n— ¥ 00 n 

Proof. Here the proof closely follows the one of Proposition 14. II The arguments are essentially the 
same with the obvious modifications once we consider 

E (J,p) := inf {liminf F°Ju n ,b n , J' p ) : e n -> 0+ , {(u n ,b n )} C H 2 (J p ;R 3 ) x H^J^R 3 ) , 

K,6„) ^ (w ,M m [£V;;R 3 )] 2 j 

in place of £ 7 (J, p) with J C R a bounded open set, p > 0, and J' := pi x J. Then one proves the 
analogue of Lemma 14.21 in particular that £o(J,p) = KqH 1 ^). We omit any further details. □ 

Remark 5.2. As in Corollary 14. 4[ the energy of optimal sequences for £q(J, p) is concentrated near 
the limiting interface, i.e., given < 6 < p, for any sequences e„ — > + and {(u n , b n )} C H 2 (J' p ;R 3 ) x 
i/^J^R 3 ) such that (u n ,b n ) -> (uo, 60) in [^(J^R 3 )] 2 and lim„ F° n (it„, 6„, J£) = £o(J,p), we have 
lim„F e o n («„,6„,j;\4) = 0. 

We now prove the lower inequality for the T-liminf of {F^} essentially as in Theorem [476] together 
with a slicing argument involving the functionals {F®}. 

Theorem 5.3. Assume that assumptions (Hi) — (H2), (H$) and (|1.5[) hold. Let h n — > + and 

£ n — > + be arbitrary sequences such that h n /e n — > 0. Then, for any (u,b) £ and any sequence 
{«„} C H 2 (tt;R 3 ) such that (u n , t^<9 3 u„) -> (u,b) in [L 1 (Q;M. 3 )} 2 , we have 

liminf F^(u n ) > K*PeT u (E) , 
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where (V'u,b)(x) = (l - Xe{x'))A + X e{x')B . 

Proof. Step 1. First wc may assume that liminf„ F E n (it„) = lim„ F^ n (u n ) < oo. We set b n := 
j-d^Un G iJ 1 (r2;E 3 ). It is well known that for £ 1 -a.e. X3 G I the slices uf l 3 (x') := u n (x' ^3) and 
6^ 3 (a;') := b n (x' ,x%) belong to H 2 (lo;M. 3 ) and H 1 ^;^ 3 ) respectively, and horizontal weak deriva- 
tives coincide £ 3 -a.e. in Q (see e.g. |H p. 204]). Moreover, up to a subsequence, (u^ 3 ,6Jj 3 ) — > (u,b) 
in [L 1 (w;R 3 )] 2 for £ 1 -a.e. X3 G I. Hence, using Fubini's theorem we can estimate 

*£(«»)= / ( / — W(V hn u n ) + e n \V 2 hn u n \ 2 dn 2 ) dx s > /^ n « 3 ,^ 3 , W )dx 3 , 

./I \JuiX{x 3 } £ n J Jl 

and then infer from Fatou's lemma that 




Now it remains to prove that for ^-a.e. X3 G /, 

lim inf F? « 3 , b x n s , w) > K* Pcr w (E) . (5.3) 

n— foo 

The next steps are devoted to the proof of (|5.3p . 

Step U. First assume that A' ^ B' . We obtain estimate (|5.3[) by applying Proposition 15.11 together 
with the covering argument used in the proof of Theorem 14.61 Step 1. Further details are left to 
the reader. 

Step 3. We now consider the case A' = B' (= by (|1.5[) ). and we may assume that u = 0. Then 
consider an arbitrary sequence {{u n ,b n )} C H 2 (uj- 7 R 3 ) x i/ 1 (w;R 3 ) satisfying (u n ,b n ) — > (0,6) 
in M 3 )] 2 . We may also assume that lim inf „ F® (u n , b n ) = lim„ F® (u n , b n ) < 00. By Theo- 

rem \%A\ we have b(x') = (l — xe(x'))A3 + xe{x')B3 for a set E C cj of finite perimeter in cj. Wc 
prove the announced result following the blow-up argument in the proof of Theorem 14.61 Step 3. We 
introduce the finite nonnegative Radon measure /i n on ui given by 

Mn := \^-W{Vun,b n )+E n (| {V) 2 u n | 2 + 2 | V'6„| 2 ) ^ 2 . 

Then u n (u}) = F® (u n ,b n ), s\xp n u n ((j) < 00, and there is a subsequence (not relabeled) such that 
Mn — 1 M weakly* in the sense of measures for some finite nonnegative Radon measure /ionw. By lower 
semicontinuity we have (i(ui) ^ lim n F®^ (u n , b n ), and we have to prove that u(to) ^ KqTL 1 (d* E n w) . 
This estimate can be achieved as in the proof of Theorem 14.61 Step 3, with minor modifications. □ 

Remark 5.4. Let e„ —> + be an arbitrary sequence. By the arguments above, for any (u, b) G c £ 
and any sequence {(«„,&„)} C H 2 (lj;R 3 ) x i/ 1 (w;]R 3 ) satisfying (u n ,b n ) — > (u,b) in [L 1 (w; M 3 )] 2 , wc 
have lim inf n F° n (u n ,b n ,oj) > K$Pei u (E) where (V'u,6) = (l - xe)j4 + xb-B . 

5.2. Lower bound on 

As in Proposition ^. 81 we now prove that sequences realizing Kq can be prescribed near the two sides 
{x\ = ±5}, and chosen to be independent of the X2-variable. 

Proposition 5.5. Assume that (Hi) — (H4) and (|1.5[) hold. Then there exist sequences e n — > + , 
{c n } C R 3 , and {(g n ,d n )} C C 2 (Q';R 3 ) x C 1 (Q';1R 3 ) such that (g n ,d n ) is independent of X2 (i.e., 
g n (x') =: g n (xi) and d n (x') =: d n {xi)), c„ -> 0, 5 „ -> w in W 1 *(Q / ; M 3 ), d„ -> 60 in £ P (Q';M 3 ), 

(gn,d n ) = (mo, &o) m Q' n {xi > 1/4} , (# n , d„) = (no + c n , 60) m Q' n {xi < -1/4} , 

and lim„ F e ° (g„, d n , Q') = K%. 
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Proof. Step 1. Consider sequences e n -> 0+ and {(u n ,b n )} C H 2 (Q';R 3 ) x H 1 (Q';M 3 ) such that 
{u n ,b n ) — > (uo,bo) in M 3 )] 2 , and lim n F® (u n ,b n , Q') = Kq. Arguing as in the proof of Propo- 

sition |4~91 we may assume that (u„,b n ) £ C 2 (Q';M. 3 ) x C 1 (Q' ;M. 3 ), and that (u n ,b n ) is independent 
of X2, i-e., (u n ,b n )(x) =: {u n (xi),b n (xi)). Moreover, the arguments used in the proof of Theorem ll.il 
(with minor modifications) yield u n u in W 1,P (Q';M. 3 ), and b n —> b in L P (Q';R 3 ). 

Step 2. Here again we consider a partition of (yg, into Af„ := J intervals of length 12 ^ f . By 
Remark 15.21 the energy concentrates near the interface {x± = 0}, and we can find a suitable interval 
In ■= {0 n - j2jr^, n ) C |) for which 

M„ ^ |U„ - S |P + \b n -b \ P + |< - W'ol^! + F £ ° (Un, &„, /„ X J) J 

< / \u n ~u \P + \b n ~b^ + \u[ l ~u' Q \Pdx 1 +F G £n {un,b n ,{^\) x /)=:«„ -> . (5.4) 



We select a level f„ £ (6*„ — ' , fl n ) satisfying 



12M„ 

|«»(*n) " Mo(in)r + K(t„) - b (t n )\ P + |<(t„) - ^(<„)| p 

+ — W«(i„),0,6„(i n )) + e n K(t n )\ 2 + 2e n \b / n (t n )\ 2 < 12a n . (5.5) 
Let cp„ € C°°(R) be a cut-off function as in (|4.10j) . For x\ £ I n we set 

u n (a;i) := (l - (f n (xi)) («o(a;i) + c+) + ^ n (a;i)u n (a;i) , 
with c+ := u n {t n ) - Uo(t n ) -> 0, and 

C„(xi) := (l - ^„(xi))6o(a;i) + ^ n (xi)6„(xi) , 



We claim that 



(5.6) 



J \v n ~ u \ p dxi -> , 

Cn-5or<tei->0, (5.7) 

(5.8) 



1 



(5.9) 



— / K-S'ol'dsi-X), 

— / W« ) 0,Cn)da?i->0, 

e„jf K| 2 + 2|C| 2 dx 1 ^0. (5.10) 

Estimates (|5.6|) and (|5.7|) come straightforward from (|5.4j) . We apply Poincare's inequality to obtain 

jf Itin-So-c+l"^ ^ C (jf) P I K ~ u' \ p d Xl ^ Ca n e p n + \ (5.11) 

and using (f5T4|) . (|4.10[) . and (|5.1ip . we derive 

— / Wn-u' \ p dx 1 ^ — ( ( \\u n - u - ct\ p + \u' n - u' \ p ) dxi Ca„ ->• 0, 

so that f)5 . 8[) is proved. Now (|5.9|) follows from (|5.7j) and (|5.8jl exactly as fj4. 19|) . Finally we obtain 
(15.10j) arguing as in the proof of Proposition 14.91 with minor modifications. We omit further details. 

Step 3. We conclude as in the proof of Proposition ^. 9[ Step 4. We first define a sequence (g+, d+) by 
setting for x' £ Q' , 

(u n {xi), b n (xi)) for Xl < n - y£yQ , 

(ffn,O0O := I (v n { Xl ),Cn(xi)) for n - < x t < n , (5.12) 

(uq(xi) +c+,bo(xi)) for 0„ ^ xi ^ \ . 
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Then we repeat the procedure above to modify g+ in (— i, 0) x /. Again, we omit further details. □ 
Corollary 5.6. Assume that (H{) - (H 4 ) and (fT3|) hold. Then Kq ^ K . 

Proof. Consider the sequences {s n } and {(g n , d n )} given by Proposition [531 We set £„ := e„/2, and 
for t G [—£„,£„], 4> n (t) := (4>i,n, <p2,n){t) '■= (g' n (t/e n ) , d n (t/e n )) . Then straightforward computations 
yield <f> n = (u' ,bo) nearby {\t\ = £ n }, and 

W(^i, n (t), &,«(*)) + |&,„(«)| a + 2|^, n (t)| 2 rfi = F° n («? n , d„, Q') . 

By definition of Kq and the construction of {(g n , d n )} we have Kq s; i 7 ^ (<?„, d n , Q') — > Kq as n — >• oo, 
and the proof is complete. □ 

5.3. The r-limsup inequality 

We now complete the proof of Theorem II .31 with the construction of recovery sequences. 

Theorem 5.7. Assume that (Hi) — (H5) and (|1.5[) hold. Let e n —> + and h n + be arbitrary 
sequences such that h n /e n — > 0. Then, for every (u,b) G c tf, there exists a sequence {u n } C H 2 (il;M. 3 ) 
such that u n -> u in W 1 * (Cl;R 3 ) , j^d z u n ->• b in L p (n;R 3 ), and 

lim F^(u n ) = K Pei ul (E), 
where (Vu, b)(x) = (l - Xb(x'))A + Xe(x')B . 

Proof. The proof parallels the one of Theorem 14. Ill and we shall refer to it for the notation. 

Step 1. We first assume that A' 7^ B' , and that d*E Duj is made by finitely many interfaces. We also 
assume that the pair (it, b) is given by (it, b)(x) = (it, b)(xi) as in the proof of Theorem 14. Ill Step 1. 

For k G N arbitrary, we choose some > and (4>i,k, <j>2.k) '■ K — > M 3x2 of class C 1 such that 
(0i,fe,02,fe) = C"' ,6o) in {1*1 ^ 4/2}, and 

2 W(0i,jfc(t), &,*(*)) + |# lfc (t)| 2 + 2|0' 2 , fc (t)| 2 <ft < + 2- fe . (5.13) 

Without loss of generality, we may assume that <f>' 2 k is Lipschitz continuous. In the remaining of 
this step we shall drop the subscript k for simplicity. For each i = 1 , . . . , m we fix some bounded 
open interval J[ C M satisfying (|4.29[) . and we consider for n large enough the coefficients as 
in (0T3DD, and such that P~3lj) holds. 

Let h n — > + and e n — > + be arbitrary sequences such that h n /e n 0, and define 

r* 1 r e/2 

:= / (f>i(s)ds-c with c := - / </> x (s)ds. (5.14) 
We set for t = 1, . . . , m and x G (a™_ , a" + ) xExJ, 

<(*) := (-iy +1 $ ((-1)^^!) + ((-ijmfLZ^ + (1 + (_i)<) c. 

Then we have 

*(-f/2) + — x 3 2 (-£/2) if i is odd, 
<K-,*2,*3)=< £n (5.15) 

5>(£/2) + — x 3 cj} 2 (£/2) if i is even, 



and 



$(£/2) + —x 3 fa {1/2) if i is odd , 

<« + ,x 2 ,x 3 )= <( £ " (5.16) 

$(-£/2) + —x 3 c/) 2 (-e/2) + 4c if i is even . 
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Setting (3f and as in (|4.34p . we define for x e ft, 

u{xi) +e„$(^) + h n x 3 4>o,(=£) for x x < , 

u(af_) - /3™_i + e n w l n (x) + SnKt-ic for af_ < xi < a" + , 

u(xx) - /?" + e ra $( ( ~ 1) 2 + - ) + /t n j 3 </» 2 ( ( ~ 1) 2 + + e„K 4 c for af + < a?i < Q$ +1) _ , 



tin (a;) := < 



e n K m c for xi > al 



In view of (|5.15j) - (|5.16j) . and since </> 2 (±.£/2) = 0, we have tt„ € H 2 (Q;M. 3 ). Moreover u n does not 
depend on X2, 



diu n {x) 




for a™_ < xi < a™ + 
otherwise , 



and 



— d 3 U n (x) 




;_|_X 3-X ^? 



for a™_ < xi < a- l + , i = 1, 
otherwise . 



,m, 



Arguing as in the proof of Theorem 14.111 Step 1, we derive that u n —> u in W 1,p (fl; 
-fi-dzUn — > b in L P (Q; M 3 ). Then we estimate 



and 



i=l 

Changing variables and using Fubini's theorem, we obtain 

= H 1 (J J ') /' /2 f / W(0 1 (t) + (-ir+ 1 ^ 3 02(i)^2(t))^3 + |0' 1 (i)| 2 +2|0 2 W| 2 Vi 

Since W is continuous and h n /e„ — > 0, we infer that 



hm F^( £ „<,«_,ar + )x4x/) = H 1 (Jl) / W (&(t), fc(t)) + |^(t)| 2 + 2|</) 2 (<)| 2 d< , 



which leads to 



limsup F^(u„) < A Per u (A) + C 2" 



for a constant Co which only depends on m and Per w (A). Then the conclusion follows for a suitable 
diagonal sequence as already pursued in the proof of Theorem 14.111 

Step 2. In the case where A' ^ B' and d*E<~)uj is made by infinitely many interfaces, the proof follows 
from the previous step through a diagonalization argument as in the proof of Theorem 14.111 

Step 3. We now consider the case A' = B' (= 0), and we proceed as in the proof of Theorem 14 . 1 1 1 (we 
refer to it for the notation). We may assume that u = 0, and b(x) = (1 — Xe(x'))As + xe(x')B3 where 
E C oj has finite perimeter in u>. We consider a sequence {E^} of smooth bounded subset of M 2 such 
that \E k -> Xe in L 1 ^), and lim* U^ipEu n 5J) = Pcr w (A). We define 6 fe := (1 - xbJA 3 + X£ fc -B 3 , 
and the signed distance c4 to Mr := dEk as in (|4.37[) . Here again we shall drop the subscript k for 
simplicity. 
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For k € N arbitrary, we choose I > and ^2) : R — > R 3x2 of class C 1 satisfying (0i, 4>2){t) = 
(0, 6o(*)) nearby {|i| = £/2} and f|5.13|) . We may also assume 4>' 2 to be Lipschitz continuous. Defining 
<& as in (|5.14p . we set for x G Q, 



u n (x) = < 



£n<E> 



d{x') 



- h n X3(j>2 



d{x') 



if \d{x')\ < 



£e 



+ h n x?,4>2 - 



if d(ar') ^ 
if d(x') < - 



2 ' 



Then it„ S 7J 2 (f2;R 3 ), and we compute 
V'u n (x) = 




d(x>)\ , /i„ fd(x') 

£302 



Vd(x') if \d(x')\ < ^ , 
otherwise , 



and 



1 



dzu n (x) = < 



d(x'] 



[b(x) 



if \d{x')\ < 



otherwise . 



£e 



Since |Vd| = 1 £ 2 -a.e. in R 2 , in the set {|d| < £e n /2} we have 



\^h n u n\ 



\Md/e n ) + —x 3 ^(d/£ n )\ + 2U' 2 (d/e n )\ 



+ — <t>[(d/e n ) + —x 3 %(d/e n )) ■ (<h(d/e n ) + —x^' 2 {d/e n ) (V 2 d • (Vd® Vd)) 

+ 1 0x (d/e„) + ^x 3 2 (d/e n ) 1 2 1 V 2 d| 2 . 

As in the proof of Theorem 14.111 Step 3, we derive that u n -> in W 1,p (f2; R 3 ), and ^9 3 ii„ -> b k 
in L p (il;R 3 ). Then, using the fact that |Vd| = 1 and assumption (H5), we estimate 

F£ (u n ) = F£ (u n , ft H {\d(x')\ < £e n /2}) < /„ + C(e„ + h 2 Je 2 n ) , (5.17) 

with 



In ■= — 



n J(ln{\d\<le„/2} 



W ^i(d(a/)/£„) + — x 3 2 (d(x')/£„)^2(d(x')/£„) dx 



1 



|^(d(x')A 



dx . 



£ n Jnn{\d\<e.e n /2} 

and a constant C independent of n. Using the Coarea Formula, we derive as in the proof of Theo- 
rem ECO Step 3, that 

w Ui(t) + b x 3<t>2®,Mtj) + \Mt)f + 2 W 2 {t)\ 2 )n\M k ent ^uj) dt. 



f ( 




1-1/2 \ 





In = 

Since W is continuous and h n /s n ~ > 0, we infer from Fatou's lemma, <|4.38[) . (|5.13|) and (|5.17|) that 

limsup F^(u„) < (K Q + 2- k )U 1 {M k n 5J) . 

n— > 00 

Then the conclusion follows for a suitable diagonal sequence as already pursued in the proof of 
Theorem gUl Step 3. □ 

Remark 5.8. Given e n — > + , a slight modification of the above arguments yields that for every 
(u, b) e if, there is a sequence {(u„,&„)} C H 2 (u> : R 3 ) x H^u^R 3 ) such that (u n ,b n ) — > (u,b) in 
W 1,p (o;;R 3 ) x i7>(w;R 3 ) and lim„ F e ° n (u„, 6„, w) = A Per w (i5) where (V'u,&) = (l- xe)A + X eB, 
and F e ° is defined by ([5~T1) . 
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Remark 5.9. Let us consider an arbitrary sequence h n — > + and e > fixed. It is well known 
(see [5]) that the functional {J£" e ' 1 "} L-converge for the strong L 1 -topology to 



F°(u,b,uj) if (it, 6) e H 2 (fl : R 3 ) x /^(fijR 3 ) and d 3 u = d 3 b = 0, 
oo otherwise , 



where F® is defined by (|5.1|) . and we have identified functions (u, b) satisfying d 3 u = d 3 b = with 
functions defined on the mid-surface oj. Let us now consider an arbitrary sequence e„ — > + . By 
Remark 15.41 and Remark 15.81 the functionals {«^? } in turn L-converge for the strong L 1 -topology 
to J^o (compactness follows as in Theorem 1 1 . 1 1 with minor modifications). 



6. T-convergence in the supercritical regime 

This section is essentially devoted to the proof of Theorem 11.41 The L-liminf inequality is a direct 
consequence of the results in Section ^, ll once we have proved that under assumption (|1.9[) . < +oo. 
In contrast with the lower inequality, the estimate for the L-limsup requires a more sophisticated 
construction based on an homogenization procedure. The L-liminf and L-limsup inequalities are 
stated in Theorem 16.21 and Theorem 16.71 respectively, and the conclusion follows from Lemma 16.11 
For p = 2, A = 0, and under the symmetry assumption on W, we obtain the T-convergence of the 
functionals through Corollary 16.61 In a last subsection, we consider the situation where the wells A 
and B are not compatible, and we illustrate some rigidity phenomena in Theorems 16.91 and 16.101 

6.1. The T-liminf inequality 

We define the constant as in (|4.1j) with 7 = +00, i.e., 

:= inf< liminf F^ n (u n ,Q) : h n — > + and e n — > + with h n /e n -> 00, 

{u n } C H 2 (Q;R 3 ), (u n ,-^d 3 u„)^ (u ,b ) in [L\Q;R 3 )} 2 \ . (6.1) 
We start by proving that if (jl.9[) holds, then is finite and strictly positive. 
Lemma 6.1. Assume that (Hi) — (H 3 ) and (|1.9[) hold for some A 6 1. Then < < 00. 

Proof. Let us consider arbitrary sequences e n — > + , h n — > + such that h n /e n — > 00. Observe that 
under assumption (|1.9[) , we have A = —B = (a, 0, Aa) so that A— B is rank-1 connected. By the results 
in [TS], there exists a sequence {w„} C H 2 [(— 1, 1); R 3 ) such that w„ — > u in W 1,p ((—1, 1); R 3 ), and 

f 1 1 

sup / — mm {\w' n - a\ p ,\w' n + a\ p } +e n \w'^\ 2 dt < 00. 

116N J -l £n 

For n large enough, we consider the sequence {u n } C H 2 (Q; R 3 ) defined by u n (x) := w n (x\ -\-\h n x 3 ). 
Then one may check that (u„, j^d 3 u n ) —> (u ,b ) in [L 1 (Q;R 3 )] 2 . Using Lemma [4~8| we estimate 

F^(u n ,Q)^C [ (1 + X2)P ' 2 mm{\w' n - a\ p , \w' n + a\ p } + s w (l + A 2 ) 2 |<| 2 dt , 

which shows that sup n F^ n (u n , Q) < 00, and thus < 00. On the other hand, we have 

#^>inf(kminf / — W(V'u n , b n ) + e n \(V) 2 u n \ 2 + 2e n \Vb n \ 2 dx' : e n -> 0+ , 

L n^oo J Q e n 

{(u n7 b n )}cH 2 (Q;R 3 ) xff^Q;! 3 ), (u n ,b n ) -+ (u 0} b ) in [i 1 (Q; R 3 )] 2 } . 
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In view of Lemma 14.81 and [TB] , we easily infer that 

> inf (liminf / — !— min { \v' n - a\ p , \v' n + a\ p } + e n K\ 2 dt : e n ->■ 0+ , 

{v n } C H 2 (I;R 3 ), v n -> u in L 1 (I; R 3 ) | 

^ inf( / ^- min {)«(*) - a| p , \v(t) + a\ p } + \v'\ 2 dt : L > 0, u piecewise C 1 , 

w(L) = v(-L) = a | > 0, 

and the proof is complete. □ 

Thanks to Lemma 16.11 and Remark 14.51 we can now reproduce the first step in the proof of 
Theorem 14.61 to obtain the following result. 

Theorem 6.2. Assume that (Hi) — (H 3 ) and p.9[) hold for some A € R. Let h n — > + and e n — > + 

be arbitrary sequences such that h n /e n — > 00. Then, for any (u,b) £ and any sequences {u n } C 
H 2 (n;R 3 ) such that (u n ,-±d 3 u n ) -> (u,b) in [L x (f2; R 3 )] 2 , 

liminf F^(u„) ^ Jj£, Per u (£) , 
w/iere (V'u, = (l - Xe{x'))A + X e(x')B . 

6.2. Lower bound on K* in the case A = 

As a direct consequence of Lemma FOl we have the following elementary property in the case A = 0. 

Lemma 6.3. Assume that (Hi) — (H 3 ) and (|1.9[) hold with A = 0. Then there is a constant Cw > 
such that W(0 > CV|6| P for all £ = (6,6,6) G K 3x3 - 



In parallel with Proposition 14.91 the next propositions will establish that realizing sequences 
for K can be first chosen with lateral boundary conditions, and then periodic in the vertical direction. 

Proposition 6.4. Assume that (Hi) — (H4) and (|1.9p hold with A = 0. Then there exist sequences 
h n — > + , £„ —5- 0, {c n } C R 3 , and {g n } C C 2 (Q;M. 3 ) such that h n /e n — ¥ 00, g n is independent of x^ 
(i.e., g n (x) =: g n (x u x 3 )), c„ 0, g n -> u in W 1 ' P (Q;R 3 ), j^d 3 g n -> in L P (Q;R 3 ), 

g n = u in Q n {x% < -1/4} , g„ = u + c n in Q D {xi < — 1/4} , 

and lim„ F E ^« (# n , Q) = X^ . 

Proof. Step 1. Since A = we have bo = 0, and in view of Lemma l6.11 there exist sequences h n —> + , 
e n -> 0+ and {u„} C # 2 (Q;R 3 ) such that /i n / £ „ -> 00, (u n ,±d 3 u n ) (u ,0) in [i^QjR 3 )] 2 , 
and lim n i* 1 ^™ (u„, Q) = < 00. Arguing as in the proof of Proposition 14. 9) we may assume that 
u n € C 2 (Q;R 3 ), and that u n is independent of X2, i-e., u n (x) =: u n (xi,x 3 ). By Theorem I 1.11 u n — > uo 
in W hp (Q;R 3 ), and ^-a 3 u„ ^ in LP(Q;R 3 ). 

Step 2 (first matching). As in the proof of Proposition [479] we consider a partition of ( , g) x Q' into 
M„ := [j-] layers along the xi-direction. By Lemma fo.ll and Remark 14.51 we can find such a layer 
L n := (0 n - 12 Ij ,9 n ) x Q' C (yj, g) x Q' such that (|4.8|) holds (with 6 = 0). Then select a level 
in € (#„ — 12 m '^") ^ or wn ich (|4.9[) holds. We consider a cut-off function <p n € C°°(R) satisfying 
(|4.10j) . and we set for x E L n , 

V n (x) := (l - ip n (xi))(u (xi) + U„(x 3 )) + ifi n (xi)u n (x) , 

with u n (x 3 ) := u n (t n ,x 3 ) - u (t n ). 
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We claim that estimates (jiTTj) . (|4~T2"|) . (|4TT3"]) , (gUl), and (|4~T5"|) still hold (with b = 0). First note 
that (|4.1ip is an easy consequence of (j4.8[) and f|4.9[) . In view of Lemma 16.31 we infer from (j4.9[) that 

i r i . r i 



p \u' n (x 3 )\ p dx 3 +e n I -^\u'^{x 3 )\ 2 dx 3 ^ Ca n . (6.2) 

£n J/ J/ ft n 

Combining (|4.8[) and (|6.2[) yields (|4.12[) . By construction u„ — uo — u n — on {x\ — t n } n Q, and 
applying Poincare's inequality we deduce from (|4.8[) . 

\u n -u -u n \ p dx^c(^-^ \d 1 u n -d 1 u Q \Pdx^Ca n s p n +1 . (6.3) 

Using (|4.10[) , we may now infer that 

— [ \V'v n - Vuofdx ^ — [ \d lUn - d lUo \P + \\u n - u - u n \ p dx ^Ca n ^0. (6.4) 

Estimates (|4.12[) and (|4.13[) being proved, (|4.14[) now follows exactly as in (|4.19l) . 
Using again (|4.10p . we estimate 

e n I \\7l n v„\ 2 dx^C[e n I \\7l n u n \ 2 dx + — [ \Vu n -Vu \ 2 dx 

\u n -u Q -u n \ 2 dx+ — ( \^-d 3 u n \ 2 dx + I ^\u' n (x 3 )\ 2 dx 3 + e 2 n [ -^j\Un(x 3 )\ 2 dx 3 ) , 

£ n JL„ J I n n J I h n J 



£ n Jl 



Arguing as in the proof of Proposition gj3 Step 2, (|4~T5|) now follows from |gjBJ), (|rT2"j) . and (JHHJ) 
together with Holder's inequality. 

Step 3 (second matching) . Let tp n £ C°°(IR) be a cut-off function such that ^ ip n ^ 1, ip n (t) = 1 if 
t ^ 9 n , i})n{i) = if t 1/4. and satisfying \ip' n \ + |^/;"| ^ C for a constant C independent of n. For 

x g {#„ < xi < j} n Qi we se t 

w n (x) := it (a:) + c+ + V>„(a;i)(li n (a: 3 ) - c+) , 

where c+ := w„ dx 3 -> 0, thanks to gjj]). We claim that (|4~20l) . (l4~2~Tj) . (|4~22]) . and (|4~23l) hold. 

First (|4.20l) and f|4.21[) are direct consequences of (|4.9|) and (|6.2I) respectively. Next we apply (|6.2[) 
and Poincare's inequality to derive that 

'W - V'uopda: < — / Mx 3 ) - c+| p cfe 3 ^ CTi£a„ -> . (6.5) 



£ n J{9„<n<i)nQ £ n .// 

To prove (|4.22j) . we can argue exactly as in f)4. 19[) using (|4.21j) and (|6.5|) . 
We finally obtain in much similar ways that 

\X7 2 hn w n \ 2 dx ^ Ce n [ \u n - c+| 2 + -r^KI 2 + ^\u[ 

(^a)xQ' J I n n n n 

and (|4.23p is proved. 



Step 4- We conclude the proof as in Proposition 14.91 Step 4. We first define g+ as in (|4.25[) (with 
bo = 0), and then we repeat the procedure to modify <?+ in (—h, 0) x Q' . We omit further details. □ 

We now prove that, in the case where p = 2, A = 0, and W is symmetric in £ 3 , optimal sequences 
for K ^ can be modified into 1-periodic functions in the a; 3 -variable without increasing the energy. 

Proposition 6.5 (vertical periodicity). Assume that (Hi) — (H4) and ()1.9|) hold with p = 2. 
A = 0, and that W(£',f 3 ) = W(£' , -£ 3 ) /or ever?/ (£',&) € R 3x2 x M 3 . T/ien ttere e:risi sequences 
h n — > + , e n — > + , anc! {/„} C C 2 (M 3 ;R 3 ) smc/i t/iat h n /e n 00, /„ is independent of x-i (i.e., 
f n {x) = f n (xi,x 3 )), f n -> u ot i/^Q;^ 3 ), T^-^/n -> m i 2 (<5;M 3 ), / rl «s 1-periodic in the 
x 3 -variable, V/„ = Vuq {l^il > 1/4}, and 



lim F e h : (fn,Q)=K 

n— >oo 
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Proof. Step 1. We claim that it suffices to find sequences h n — > + , e n — > + , and {<?|} C C 2 (R 
such that h n /e„ -> oo, gi(x) =: gl(x 1 ,x s ), Vgl = Vu in {\xi\ > 1/4}, is 2-periodic in x 3 , ff* -> u 
in ff x (Q;R 3 ), ^d 3 5* ^ in L 2 (Q;R 3 ), and lim sup n F^ (gl,2Q) < 4FT^. Indeed, if the claim holds 
we set /„(a) := §3* (2a:) for a: G R 3 . Then /„ -> u in ff^QjR 3 ), ^dg/n -> in L 2 (Q;R 3 ). By 
definition of F^ , a change of variables yields 

K* x < lim inf F^ (/„, Q) < lim sup Ft (/„, Q) = lim sup (g» , 2Q) < , 

n 2 n — ^00 2 n — >oo 4 

and thus {f n } satisfies the requirements (with e n /2 instead of e n ). 

Step 2. Let h n — > + and e n — > + satisfying h n /e n — > 00. Consider an arbitrary sequence {u n } C 
# 2 (Q;R 3 ) such that (u n ,-±-d 3 u n ) -> (u ,&o) in [L^QjR 3 )] 2 , and lim n F e h »(ri n ,Q) = We claim 
that for any < 5 < 1/2, we have 

lim sup F£ (u n ,Q' x ((1/2 - S, 1/2) U (-1/2,-1/2 + 5))) < 25K^. 

This is of course equivalent to the following inequality, 

liminf F> (u n ,Q' x (-1/2 + 5, 1/2 - 5)) > (1 - 25)F^ , (6.6) 

n— ► oo 71 

that we prove by rescaling. For x G Q, we set w n (^) := u n {x' , (1 — 2<5)x3) and /i n := (1 — 2S)h n . Then 
h n /e n -> 00 and (u„, j-d 3 v n ) -> (uo,&o) in [^(Q; R 3 )] 2 - Therefore, 

F^ < liminf FHv n ,Q) = liminf — ^— F 7 *" (u„, Q' x (-1/2 + 5, 1/2 - 5)) , 



and let 



and (|6.6[) follows. 

S'tep 5. Consider the sequences {h n }, {e„}, and {g„} C C 2 (Q;R 3 ) given by Proposition 



us fix m G N arbitrarily large. We infer from Step 2 (with 5 = 1/m) that 

lim sup (g n , Q n ( J - — < |£c 3 | < J 
Next we divide Q' x (± - ^, i) into [^] thin horizontal strips R^, n i of width 



2 

< —K* 



(6.7) 



z.e., 



(i_i 


~h n ~ 


1 1 i-1 




1 


I 2 m 




' 2 to 


_ £-n _ 





for i = 1, ... , We proceed symmetrically in the set Q' x + and we denote by i? m n i 

the resulting strips. Applying Lemma 16.31 we infer from (|6.7[) that for n large enough, 



E 



-R" „ .UK; 



^(V^fl-n) + e„ V? a n \ + \V'g n - Vu 



'„. |2 



i 1 



d?,gn 



-n ' v n 



\g n - u \ 2 ^ — 
m 



where we also have used the fact that \\g n — ito||ff 1 (Q) ~ ^ 0. Now consider a pair of strips 
^m,n,i ) W ^ tn *o — «o(to, n) satisfying 



U-RZ 



— W(V/ lre <? n ) + £„ |V^ 5 „| + |V'<?„ - V'uo| 

, CvK I 1 ( 



|2 

^ 


- 5n - "o| 2 J da; ^ — 






/ m 





X^, (6-8) 



and we shall write for simplicity n := n i (respectively). Then we choose a level 
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for which 



Qn{\x 3 \=t mr „} 



Let ipn 



—W(V hn g n ) + e n \Wl n g n \ + \Vg n - V'u \ 



Cw | 1 



dzg n \ + \g n - u \ 2 ) dn 2 SK^ . (6.9) 



for t < t r 



[0, 1] be a smooth cut-off function such that (p m ,n{t) = for t > t m .„, tp m , n (t) = 1 
-l 

, and 



.2 



mh n n ' m ' n ' ' m 2 h? n 
for a constant C independent of m and n. We define for i£ Q, 

«V„(x) := ^m,™^)^™^) + (l - 9m,n{^))g n {xi,t m< n) 

We shall prove in Step 4 below that 



(6.10) 



limsup limsup \\w m>n - u \\ H i(Q) + || ^ _5 3W m , n || L2( . Q) 



0, 



m— foo n— foo 



and 



limsup limsup F^ n {w m ,n-,Q) < i^o 



(6.11) 



(6.12) 



m— ^oo n— >oo 



Assuming for the moment that (|6.1ip and (|6 . 1 2[) hold, wc find a diagonal sequence n m — > +oo such 
that setting e m := e„ m , h m := h nm , and w m := w m ^ nm , we have w m — > uq in H 1 (Q; R 3 ), -^—d^w m — > 
in L 2 (Q;R 3 ), and limsup m F^™ (w m , Q) ^ K^. We now repeat this construction in the strip R m<n , 
and we write w m the resulting function. 

Since w m is independent of X3 in a neighborhood of {|x3| = 1/2} n Q, we may first reflect w m 
across the hypcrplane {13 = 1/2} setting for 5 ^ ^3 ^ §> w m (x' ,x 3 ) := w m (x' , 1 — £3), and then we 
extend w m by periodicity to all values of X3. The resulting function w m belongs to C 2 (Q' x M;R 3 ). 
Since Vii ra = Vuo in {\xi \ > 1/4}, we can extend linearly w m in Xi, and constantly in x^. Wc finally 
set for x G K 3 , ^(x) := w m (x',x 3 - \). Since W^f, = W(?,&) for all £ G M 3x3 , wc find that 

F e ' l ?r (4 i ,2g) = 4F e ': r (* m ,g), 

so that the function gj^ satisfies all the requirements of Step 1. 

5iep 4- We now complete the proof by showing that (|6.11[) and (|6.12[) do hold. To this purpose we 
shall write 



+ — n> 



(l 20 




-1) 


I 2 m 







We first estimate 

F£ {w min ,Q) = F e h » (<?„, Q \ L+ J + f£ (w m , n ,R+ jn ) 

1 



«S (fln, Q) + Ft (™m,n, Rin,n) 



W(9ig n (xi,f m ,„),0,0) +en|9i5n(a;i,*m,n)| ^ 



(6.13) 



1 f 1/2 1 2 

-I / — W(d 1 g n (x 1 ,t m ^ n ),0,0) + e n \d 2 g n (x 1 ,t m ^)\ dx 1 . 

m J -1/2 £ n 



By Lemma 14.81 and Lemma 16.31 we have 

W(&$ Tl (a: lj t m , n ),0 J 0) < C (w(V fc )) + |^d 3 g„(x',t m ,„)| 2 ^ ^ CW(V hB 5„(i' > t ro ,„)) , 
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so that (|6.9|) yields 
1 f 1 / 2 1 

— / — W(d 1 g„(x 1 ,t mi „) 7 0,0) + e n \djg n (xi,t m , n )\ dx x 

711 -1-1/2 £ n 

< - / — W(V h „ ffn ) + e„ 5 „| 2 dU 2 ^-. (6.14) 



Similarly, we infer from (|6.9|l that 







1 2 

|u> m ,„~Uo| 2 + \-r- d 3 W m ,n\ dx 
fin. 



< / |g„ - u | 2 + |t- d 3 g n \ 2 dx + [ \w myn - u \ 2 + \—d 3 w m . n \ 2 dx 

"n J_R+ „ "n 



1 



1/2 



H / \9n(Xl,t m ,n) ~ U (xi)\ dx 



1/2 



f 1 2 /" 1 2 C 

< / \g n - uo| 2 + It - d 3 g n \ dx + \w m , n - u \ 2 + I — d 3 w m ,n\ dx H . (6.15) 

Jq h n 1 ,„ to 

In view of (|6~T3|) . (|6~T4")) . ([BTTSjl . and Theorem [TTTl to prove (|6~TT|) and (|6~T2"j) it suffices to show that 
for every m € N large enough, 

lim / |to m n - u | 2 + I— 5 3 t(; m ,n| 2 ^ = , (6.16) 



and 

lim F^(w mtn ,R+ n )=0. (6.17) 
We start with the proof of (|6.17p . Writing for x G Rmn> 

diw m>n {x) = dig n (x) + (l - ip m ,n.(x3))(dig n (xi,t m>n ) - dig n (x)) , 

and 

j-d 3 w m , n (x) = ^-d 3 g n (x) - (l - p m ,„ (x 3 )) ^-d 3 g n (x) + {Pm ^ ^ (g n (x) - g n {xi,t m , n )) , 
we derive from Lemma [4.81 Lemma 15751 and (|6. 10[) that 

W(V/ lB «; m , Tl (aO) ^0\W(W hn g(x)) 

+ |9i5n(a;) - <9ig n (a;i, im,n)| 2 H — ^Iflnfa) - ff n (£i,*m,n)| J. (6.18) 
Using Poincare's inequality and (|6.8[) . we estimate 

—h-f \dn{x) - g n (xi,t mi n)\ 2 dx sC C— [ \^-d 3 g n {x)\ 2 dx ^ — ^- , (6.19) 

£ 7l J Rm,n £n J Rm n ™ Til tl n 

and 

— / {d^W-dtgnixut^n^dx^C^-s [ \d 2 3 g(x)\ 2 dx < . (6.20) 

e » Jsi, „ m "n Jfl™ „ m n n 

In view of (|6.18[) . we have thus obtained 

— / W(V fe „ < C ( — / ^(V^) da: + ^ j < — > . 

Then, straightforward computations using (|6.10[) yield 

2/^2 2 TTi^ 2 

w m , n (a;)| < C V fe n g n (x)\ + \d 2 g n (xi,t myn )\ + — \dig n (x) - dig n (xi, t m , n ) I 



- 7 1 



4 



771 2 777, 

+ — iT-^gnCx)! + — |g„(x) - 5n(zi,*m,n)| 
£„ /In 
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Combining flfTH]), ([Blty . (|6TTi?j) . and (|6T2T))) . we deduce that 



£« / V h w m .„ dx^Cm— — >• 0. 



which completes the proof of (|6.17p . 

Using (|6~8|) . (|6J]h and (|6Tl9| . we finally estimate 



I 1 I 2 ,V„, ^ n( f \„ „._|2 ■ I 1 " |2 



|w m ,„-u | + |t-5310 TOi „| s$ C / |sr«-tio| + 1 7— c?3ffn| 

TTl 2 f 2 £ f \ £ 

+ — / 5n(») - ffn(^l!*TO,n)| dx + IT \g n - u \ 2 dH 2 \ ^ C , 

and (|6.16[) is proved. □ 

Corollary 6.6. Assume that (Hi) - (H 4 ) and flOJ) ZioZd ura'tt p = 2, A = 0, and ttai W(£',6) = 
WtfWs) /or ewery $ = G R 3x3 . Tften > . 

Proof. We consider the sequences h n — > + , e n — > + , and {/„} C C 2 (R 3 ;R 3 ) given by Propo- 
sition [631 We define N n := [^-], p„ := and := — - ([•] still denotes the integer part). 
Recalling that f n (x) = f n (xi,%3), we define for y € R 2 , 

( \ f f yi V2 

Vn{y) ■= Pnjn , 



v Pn Pnhn t 

Then v n is l/iV„-periodic in the j/2-variable, and Vv n (y) = (u o (yi),0) in {\yi\ > ^-}. Since v n is 
l/AT n -periodic in j/2, and N n being an integer, we deduce that v n is also 1-periodic in y^. Moreover, 
since p n 1, we have for n large enough 

Vz;„(y) = (uo(yi),0) in > 1/3} . (6.21) 

Hence, 

f i n W(Vv n ) + ^|V 2 v„| 2 dy > Jf M . 
Changing variables, using (|6 . 2 1 1) and the 1-periodicity in X3 of /„, we compute 

/ £„W(V«„) + ^-\V 2 v n \ 2 dy = Pnh n F^{f n ,Q' x iV„I) = F> l "(f n ,Q) — ► , 
which completes the proof. □ 



6.3. T/ie T-limsup inequality 

The next theorem provides the announced upper bound for the T — limsup of the functionals {F^} 
when £ -C h, and thus completing the proof of Thcorcm ll.4l 

Theorem 6.7. Assume that (Hi) — (H4) and (|1.9p Wd for some A £ R. Let e n — > + and h„ — > + 

6e arbitrary sequences such that h n /e n — > 00. Then, for every (u,b) G "if, there exists a sequence 
{u n } C H 2 (n;R 3 ) such that u n -> u m W^tyR 3 ), ^-9 3 it„ -> 6 m £P(r2;M 3 ) ; and 

limsup F e h n " (u„) < K x Per„(E) , (6.22) 

n— >oq 

where (Vit, 6)(x) = (l - xe(x'))A + xe(x')B. 

Proof. We first introduce some useful notation. For a given a sequence h n — > + , we define 

e \ + Xh » e » ^ 2 and vj := Z^ + g g g2 
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We recall that Q' x denotes the unit cube of M 2 centered at the origin with two faces orthogonal to 
the unit vector v\ = — L=(1,A). 

By Theorem 1 2 . 1 1 and (|1.9[) . d*EDLu is of the form (|2.5[) . We assume that d*Enuj is made by finitely 
many interfaces, i.e., ,y = {1, . . . , to} in (|2.5[) . The proof for infinitely many interfaces follows from 
a diagonalization argument as in the proof of Theorem 14. Ill Then u(x) = u(xi) for some function u 
that we may assume to be as in the proof of Theorem 14.111 Step 1 (we refer to it for the notation) . 
Then ([HI yields b(x) = \u'{xi). 

Let us now consider for each k £ N, some l k > and some function v k <E C 2 (M. 2 ; M 3 ) 1-periodic in 
the direction := -^== 5 (— A, 1), satisfying Vv k (y) = ±(a, Aa) nearby {y ■ v\ = ±1/2} respectively, 
and such that 

1 ,„9 .9 , , Kr<r< ~\~ 2 



/ £ k W{Vv k ) + hv 2 v k \ 2 dy ^ 
Without loss of generality we may assume that 



VI + A 2 (y ■ v x )a + c k nearby {y ■ v\ = 1/2} , 

v k (y) = { (6.23) 

Vl + A 2 (y ■ vx)a - c k nearby {y ■ v\ = -1/2} , 

for some constant c k € K 3 . From now on we drop the subscript k for simplicity. 

Let e n — > + and h n + be arbitrary sequences such that h n /e n — > +oo. Again we choose for 
each index i = 1, . . . , to, an bounded open interval J[ C R such that Ji CC J{ and r H}{J[ \ J{) ^ 2~ k . 
We write 



1 / , fe„x/TTA 2 



a£t := I a, ± 



and we consider integers n large enough in such a way that af + < ct? i+1 \_ for every i, and for 
which (|4.3ip holds. We define the transition layers as follows: for i = 1, . . . , m and for i £ R 3 , we set 

«* (») : = (-ir +i , ((-ir +1 ^^ , M)^ 1 ^ 1 ) + (i + c-i) 4 ) + c) . 

Then f633l) yields 

to* (x) = i V / l + A 2 a - (-l) l+1 c on {x • i/ B = «"_} , (6.24) 

and 

<(x) = Q v / 1 + A 2 a + (-l) J+1 c^ + 2(1 + (-l) 4 )c on {.t • = a n i+ ) . (6.25) 

Setting 

i 

i=i 

with /3g := and Kj as in (|4.34|1 . we define for n large enough and isfl. 



u„(x) := < 



t(xi + Xh n x 3 ) + fe„(§ VTTA 2 - c) for a; • v n < a"_ , 

i (<_ Vl + A 2 ^) - + le n (tU*(x) + «i-ic) for <_ < 3! • i>„ < < + , 

i(xi + Xh n x 3 ) - ft + fe„(f x/TTA 2 "+ ((-l)' i+1 + Ki)c) for o?+ < x- v n «S a£ +1) _ , 

l( Xl + Xh n x 3 ) - +fe„(f VTTA^+ ((-l)" l+1 + K m )c) for s- i/ n > <+ . 
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Using (|6.24[) - (|6.25[) one may check that u„ and Vu n are continuous across each interface {x-v n = a™ ± }, 
and thus u n G H 2 (Cl-.M. 3 ). In addition d^Un = 0, and 



9i«„,^- d 3 u n j (x) = <j V ^ ^ J (6.26) 

(m'(xi + \hnX3), Xu(xi + A/i n X3)) otherwise . 

Then one observes that the maps x G CI n- u(xi + \h n x 3 ) and a; G $1 1— > u'(xx + \h n x 3 ) converge to m 
and & in W 1,p (Cl\ R 3 ) and in L p (Cl; R 3 ) respectively as n — > 00 (here we also use the fact that b — Xu'). 
On the other hand, v and \7v are bounded in {\y ■ v\\ ^ 1/2} by periodicity in the direction . and 

I ^ C£ n for a constant C independent of i and n by the Lipschitz continuity of u. Hence u n — > u 
in W^ p (Cl;R 3 ) and j^d 3 u n -> b in LP(f7;M 3 ). 

By (I4.31|) we have for n large, 

CI n {«"_ < x • i/ n < C {x G M 3 : a™_ < x • v n < a" + , |x 3 | < 1/2 , x 2 G J-} =: fi" , 

Using (|6.26[) we estimate for n large enough, 

Ft (u n ) < Yl F t ( fe »<> °") ' ( 6 - 27 ) 

and it remains to estimate each term of the sum in the right-hand side of (|6.27[) . 
Changing variables, one obtains 



(6.28) 



Ft = J WW + j |V 2 «| 2 dy, 

where 6™ := {y G K 2 : \y ■ v\\ < 1/2 , \y 2 \ < h n /(2le n )}- Notice that for every t G (—5, 5), we have 



©" n {y ■ v x = t} = {y ■ v x = t} n < \y ■ v£ + A*| < 



2le n 



\y ■ + a*| < <" 



with iV„ := 



/t„Vl+A 2 



1. Using Fubini's theorem and the periodicity of v, we estimate 



/ <?W(Vv) + \ |V 2 u| 2 = [[ [ iW(Vv) + \ W 2 vf dH 1 ) dt 

Je? « J-i \Je?nfv^=t\ 1 / 



< f 2 ( I eW(Vv) + - \V 2 v\ 2 dH 1 ) 



,2 



^7V„/ £W(W) + 7 |V^| dy. (6.29) 
Combining ([6~28]) with (|(H9"|) yields 



if (&„<> 0?) < ^= + 2~ fe ) ^(J|) . 
Summing up over i this last inequality, and passing to the limit n — > +oo in f|6 . 2T[) leads to 

limsupifK) s$ Koo Pe^(E) + C 2- fe , 

n— ¥ oo 

for a constant Co independent of k. Then the conclusion follows for a suitable diagonal sequence as 
already pursued in the proof of Theorem HtTJ Step 3. □ 

Remark 6.8. Let us consider an arbitrary sequence e n — > + and h > fixed, and assume for 
simplicity that W(£) = dist(£, {A, -B}) P . If (|1.9[) holds, we can apply the results in [TB] to infer that 
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the functionals {E £n ( • , flh)} (defined in (jl.llO F-convcrge for the strong L 1 (il? l )-topology to 
Eo(u,fi fc ) 



A;Pcr 0h ({Vu = J B}) if uG W^iQ^M 3 ), and Vu G BV(Q h ; {A, B}) 
-co otherwise , 



with = Koo/y/l + A 2 . Let us now consider the rescaling u(x) = u(xi, x%, x 3 /h), and define the 
functional F h : L^QR 3 ) [0, oo] by 

F$(u) := ~Eo(u,Q h ) . 

By [6116] (see also Theorem 12. ip . if u has finite energy, then the set F := {Vu = B} is lay- 
ered perpendicularly to the vector v\. Setting E := F n cj, we easily obtain that Pero h (F) = 
Wl + A 2 Per u (.E) + o(h), and thus 

F fe (u) = i<: oo Per w (S) + o(l). 

It is then straightforward to show that the family {F^} T-converges for the strong L 1 -topology to 
J^oo as h -> 0+. 



6.4. Some rigidity properties 

For e < /i we expect the thin film to behave like a three dimensional sample by separation of 
scales, so that sequences with uniformly bounded energy should have trivial limits under suitable 
assumptions on A and B. The first situation we consider is when A' = B' (so A and B are rank- 
one connected). Indeed, in this case if we first perform the asymptotic e — > (see Remark |6.8|) . the 
limiting configurations u with finite energy must satisfy Vu = xk(x 3 )A + (1 — xk{x 3 ))B for some 
finite set K C I, and the T-limit is proportional to ^Card(i£T)£ 2 (u;), see [IB]. This latter energy can 
be bounded with respect to h only if Card(A") = for h small, and it formally explain the expected 
rigidity effect. We have rigorously proved this fact only in the case where e is sufficiently small relative 
to h as stated in the following theorem. 

Theorem 6.9. Assume (Hi) - (H 3 ) and (fl~5j) hold with A' = B' . Let h n -> 0+ and e n -> 0+ 

be arbitrary sequences such that sup n £„//i p < oo. Then, for any {u n } C H 2 (£l;R 3 ) such that 
sup„ F^™ (u n ) < oo, there exist a subsequence (not relabeled) and £o G {A, B} such that V/ lre u„ — > £o 
in LP(n;R 3x3 ). 

Proof. By Theorem 1 1.11 we can find a subsequence such that Vh„u — > (V'u, 6) in L p (f2;R 3x3 ) for 
some (u, b) G Since A' = B' , Vu is constant, and we only have to prove that b is constant. 
By (jl.5p we have A' = B' = 0, and thus Lemma fCSl yields 

W(0 > ^-(|er + min{|£ 3 - A 3 \p, |£ 3 - B 3 \p}) , V£ G R 3x3 , 
Setting v n := -^—u n , we deduce that 

sup / -JL\V'v n \ p + — mm{\d 3 v n -A 3 \ p ,\d 3 v n -B 3 \ p }dx<oo. 

Hence {Vi; n } is bounded in L p (f2;R 3 ). By Poincare's inequality, there exists a further subsequence 
(not relabeled) such that v n - f Q v n v weakly in W^p^R 3 ) for some v G W 1,p (£l; R 3 ). But 
since d 3 v n = ^-du n , we have d 3 v n — > b strongly in L P (Q;R 3 ). Hence d 3 (v(x) — b(x')x 3 ) = 0, and 
we can argue as in Theorem 12.11 Step 2, to prove that v(x) = b(x')x 3 + w(x') for some function 
w G BV(lo;R 3 ). Integrating this equality in x 3 over the interval I yields w(x') = J I v(x' ,x 3 ) dx 3 
a.e. in u>. It obviously implies that w G W 1,p (uj; R 3 ). Since b(x')x 3 = v(x) — w(x'), we conclude that 
b G W 1,p (u); {A 3 , B 3 }), and thus b must be constant. □ 
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The other case where one can expect rigidity is when A and B are not rank-one connected, and 
thus not compatible in the bulk [6j. We will show that rigidity occurs at least for some particular 
potentials W as a consequence of a two- wells rigidity estimate due to Chaudhuri & Miiller [Tl] (see 
for single well rigidity). The class of double- well potentials we consider is as follows. For simplicity 
we will assume that 

A = I d , and B = diag(0i,l,0 2 ), (6.30) 

for some Q\ , 02 £ R satisfying 

6i>0 i = 1,2, and (1 - X )(1 - 6 2 ) > . (6.31) 

Here Id denotes the 3x3 identity matrix. The second assumption in (|6.31|) corresponds to the strong 
incompatibility condition between A and B in the sense of Matos [35] (see also [14115] ). Noticing that 
A' and B' are rank-one connected, we shall consider continuous potentials W : R 3x3 — > [0, oo) such 
that (Hi) - (H 3 ) hold with p = 2. 

Using the rigidity estimate of [14] and an argument similar to |15j . we have obtained the follow- 
ing result. 

Theorem 6.10. Assume (Hi) - (H 3 ) hold with p = 2, ([630) . and ([BUT]) . Let h n -> 0+ and e n -> 

+ be arbitrary sequences such that s„/h n — > oo. Then, for any sequence {u n } C i? 2 (i7;R 3 ) such 
that sup„ (u n ) < oo, there exist a subsequence (not relabeled) and £o £ {^4, B} such that Wh n u n ~> 
to in L 2 (Q;R 3x3 ). 

Proof. By Theorem 11.11 there is a subsequence such that u„ — u n dx — > u in ii 1 (f2;R 3 ) and 
■^-d 3 u n — > b in L 2 (f2; R 3 ) for some (u, b) £ ^ . To prove the announced result, it suffices to prove that 
for an arbitrary open set O C u, (V'w, b) is constant in O x I. Without loss of generality we may 
assume that O — Q' the unit cube of R 2 . We proceed as follows. 



n3x3 



, d\st\V hn u n ,K) dx ^ C-f- . (6.32) 

Setting M n := [■£-], we now divide Q' into M 2 squares S a , n of the form 

S a , n = a + M- X Q' with a £ srf n := M' 1 !? n Q' , 

so that Q' = U a6£ /n S a , n up to a set of £ 2 -measure zero. Then for each a £ g/ n , we define the rescaled 
map Vn : M~ 1 Q -> R 3 by v®(y) := u n (a + y 1 , ^j. By jT4] Theorem 2], there exists a universal 
constant C un i V such that for each a £ g/ n we can find R® £ K satisfying 

/ |V< - R a n f dy ^ C univ f dist 2 (V<, K) dy . 

JM~ 1 Q JMn 1 Q 

Scaling back, we derive that 

/ |V /in u„ - R a n \ 2 dx < C univ / dist 2 (\7 hn u n ,K)dx Va £ si n . (6.33) 

is„,„xi/ JS a ,„x7 

Defining the piecewise constant map R n : Q' — > A' by R n (x') := R n for x' € 5 a) „, and adding the 
previous inequalities in (|6 . 33[) leads to 

/ \V hn u n -R n (x')\ 2 dx^C univ dist 2 (W hn u n ,K)dx ^ Ce n — > 0, 



A'iep i. First we infer from Lemma T4. 81 that 

W(0>i-^oia\ min |£ - #| 2 , min |£ - i?S| 2 1 = -J-dist 2 (f, if) V£ G 

where K := 50(3) U SO(3)B. From this estimate we deduce that 

1 / ,. ,2/— ~\ . - ~ £ »: 
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thanks to (|Q2"]) . Since V hn u n -> (V'u,6) in L 2 (fi;IR 3x3 ), we conclude that i?„ (V'u,6) in 
L 2 (Q';R 3x3 ). 

5iep U. Let (5 > be a small parameter to be chosen. We divide srf n into the following classes, 



:= < a G 



/ dist 2 (V hn u„,ir)da: ^ <5/i 2 I 

JS a , n xI J 



^" := {a £ sz? n \ stg : R a n g 50(3)}, and ^ 2 ™ := {aei" \ ^ n : £ 50(3)5}. We observe 
that (|Q2]) yields 

CardK") < / dist 2 (V/ ljl M„, A') cfe = o(l//i n ) , (6.34) 
where Card denotes the counting measure. Next we consider the sets 

Gq '■= S a ,n j G\ :== |^_J S a , n , G 2 '■ = (^J iSa n , 

a^stf^ aGJZ^ 1 a£^ 2 ' 1 

so that 0' = Gg U G™ U G 2 up to a set of £ 2 -measure zero. 

Now, we shall enumerate the edges T J a (j = 1, 2, 3, 4) of a square 5 Q)n according the counterclock- 
wise sense, T a being the bottom edge. We observe that each boundary <9G™ is polyhedral and made 
by the edges (of length M" 1 ) of some squares S a , n with a € that we call boundary squares. 
For i = 0, 1, 2 and j = 1, 2, 3, 4, we set 

0% := {a g <™ : 5 Q ,„ is a boundary square} and ^ := {a g 9% : rj C dG? D Q'} . 

We claim that if 8 > is chosen small enough, then for every n S N large enough, and for i = 1,2, 
3 = 1,2,3,4, 

r£ c 9G£ Va g 4™. . (6.35) 

We shall prove f|6 . 35[) in the next step. Assuming that (|6 . 35[) is true, we estimate for i = 1,2, 

4 

^{dGPl DQ') = V V 'H 1 {T J a ) < 4/^CardKn — > 0, 

thanks to (16.34[) . Therefore, we can extract a subsequence such that for i = 1,2, either C 2 (Q'\Gf) —> 
or £ 2 (Gf ) 0. Since £ 2 (Gg) -> by (|63ij) . and Q' = Gg UG"U G 2 l , we must have C 2 {Q' \ G") -> 
or £ 2 (Q' \ G 2 ) -> 0. Without loss of generality, we may assume that C 2 {Q' \ G") -> 0. Then we 
estimate 

/ dist 2 ((V'w,&),50(3)W / |(V'u, 6) - Rn? dx + CC 2 (Q' \ G?) — -»■ , 

which yields (V'm, b){x') g 50(3) n B} for £ 2 -a.e. x' € Q' . Since 5 £ 50(3), we finally conclude 
that (V'm,6) = I d in Q'. 

5iep 3. It remains to prove (|6.35[) . We argue by contradiction. Without loss of generality, we may 
assume that there exists a g $™ x such that Y\ <f_ <9Gq . Since T a C Q' , we have a := a — (0, M" 1 ) g 
A/,7 J Z 2 n Q', and a g srfg U stf?. Thus a g ,c/ 2 n . As in Step 1, we can apply [HI Theorem 2] to find 
R% £ K such that 

tt f Wh n u n - R C n\ 2 dx < ^"'" v /" dist 2 (V/ l „u„, A") 

"n J(S a ,„US 5 ,„)xi/ « n J(S a ,„US a ,„)x/ 

^ 2 max{G un i v , G un i v }5 , 

for some universal constant G un ; v . Then we have 

16 f 9 ~ 9 

\K - K\ < -rj \^h n u n -K\ + \V hn u n -R a n \ dx^32max{C univ ,C univ }5. 

n n i(S„,„)x|/ 

We proceed similarly to get — R,„\ 2 ^ 32 max{G un iv, C un i V }5, and we obtain a contradiction 
whenever 8 < [32 max{C univ , Gunivjl^Mist 2 (50(3), 50(3)B) . □ 
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